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THE ISOTOPE EFFECT IN BAND SPECTRA, PART I 


By Ropert S. MULLIKEN! 


ABSTRACT 


Theory of the isotope effect in band spectra of diatomic molecules.— 
Generalizing previous discussions by Loomis and Kratzer, it is shown that each 
coefficient in the detailed expressions for the spectral terms (except those in- 
volved in »*) of a band spectrum of a diatomic molecule may be written as a 
quantity independent of mass times some power of 1/u, where, if M and M’ 
are the masses of the two nuclei, 1/u=1/M+1/M’. The frequeney » of any 
line may be considered as the sum of an “‘electronic,”’ a (positive or negative) 
“vibrational,’’ and a (positive or negative) ‘‘rotational’’ contribution: 
v°+y"+y™, where n=vibrational and m=rotational quantum number. From 
theory and experience in line spectra, »* (if present) should be substantially 
identical for corresponding band systems of two or more isotopes, so that these 
should have a common “origin.” This leads to the definition of the origin of a 
band-system :» =y™ =0;and the definition of the origin of a band :» =»* +r"; 
v™=0. For two isotopes, approximately, 
where p?=(1/u3)/(1/u;). The various bands corresponding to various values 
of »™ should form for each isotope an essentially identical pattern about the 
origin. The scale of this pattern should, however, be greater for a lighter 
isotope (vibrational isotope effect), and large separations between corresponding 
bands of isotopes may result for bands remote from the origin. Two typical 
band-patterns for a mixture of isotopes are given in Fig. 1. Analogous relations 
hold with respect to the »™ terms (rotational isotope effect) (cf. Fig. 2). An ex- 
plicit equation for band-heads is obtained; this contains important mixed and 
higher power terms in m and n’; the corresponding isotope effect is discussed. 
In studying isotope effects in band spectra, compounds of isotopic elements 
with other elements of high atomic weight are favorable; a low-temperature 
light source is very desirable; other practical factors are discussed. Quantita- 
tive and semi-quantitative confirmations of the isotope effect already obtained 
(BO, SiN, CuH, CuCl, CuBr, Cul) lend powerful support to the general 
quantum theory of band spectra. 

Applications of the isotope effect to the study of isotopy and the interpreta- 
tion of band spectra.—Electronic band spectra give a valuable new method 
for the determination of the existence of isotopes. An advantage over the 
positive ray method is that characteristic band patterns associate without 
question isotopes belonging to a given element; a disadvantage is that accurate 
comparison of mass between different elements is less easy. Photometric inten- 
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sity comparisons give a means of measuring relative abundance of isotopes. 
Infra-red spectra are much less favorable than electronic for the study of 
isotopy, largely because of the fewness of the bands. The vibrational isotope 
effect in electronic band spectra furnishes the first really reliable, and a remark- 
ably simple, criterion for the location of the origin of a band-system. Simul- 
taneously, it gives the first direct mode of attack on the correct absolute number- 
ing of vibrational energy levels. Thus in BO the vibrational quantum numbers 
are probably 1/2, 3/2, 5/2... , not 0, 1, 2, ... The rotational isotope 
effect should likewise aid in the analysis of band structure. The very strong 
dependence of the isotope coefficient (o— 1) on the mass M’ of the non-isotopic 
or second element in the molecule supplies a mew and reliable method of identi- 
fying the emitters of band spectra. 

Isotope effects in the specific heat of gases are a necessary theoretical con- 
sequence of the success of the foregoing theory. 


INTRODUCTION 


HE early work on the spectra of isotopes established the belief that 

isotopes are practically identical in their spectra as well as in those 
chemical and physical properties which depend essentially on electronic 
structure and not on nuclear mass. In the field of atomic spectra this 
belief has so far proved justified,?* although minute differences (up to 
0.011 A) in the position of spectrum lines have been found in the cases 
of lead and thallium, when samples of different atomic weight were 
compared.‘ But just as in the case of certain physical properties, such 
as density and diffusibility, where by the very identity of electron struc- 
ture the effect of mass necessarily comes conspicuously into play, so in 
molecular spectra the effect of mass necessarily involves conspicuous 
differences between isotopes. This was pointed out in 1920 by Loomis 
and by Kratzer,’ who both showed that the predictions of the theory as 
to the vibrational isotope effect are verified by the structure of the infra- 
red vibration-rotation band of HCI at 1.764. Here there is difference of 
14 A (4.5 wave-number units) between corresponding lines of the two 


? The claims of McLennan and Ainslie (Proc. Roy. Soc. 101A, 342, 1922) as to the 
partially isotopic origin of the structure of Li \ 6708 appear, on the basis of relative 
intensities of the components, to be unjustified. The same is true in regard to the 
satellites of Hg \5461. See ref. 4. 

* Certain recent claims of H. Nagaoka, Y. Sugiura, and T. Mishima (Nature, Mar. 
29, April 12, and April 19, 1924; Jap. Journ. of Phys., 2, 121, 167, 1923) in regard to 
isotope effects in the line spectra of a number of elements also appear to be unjustified 
(C. Runge, Nature, May 31, 1924, and R.S. Mulliken, Nature, June 7, 1924). 

* For a general survey of the work on the spectra of isotopes, see Aston's “Isotopes,” 
2nd ed., Chapter X (1924) 

*’ F. W. Loomis, Nature, Oct. 7, 1920; Astrophys. J. 52, 248 (1920) 

* A. Kratzer, Zeit. f. Phys. 3, 460 (1920) 
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isotopes of HCl. The rotational isotope effect also was discussed by 
Kratzer and Loomis, and at about the same time by Haas.’ 

In the field of optical spectra a small difference (0.055 A) has been 
reported by Grebe and Konen® in the positions of corresponding lines in 
the band spectrum of lead (PbO?), when two samples of different atomic 
weight were compared. Here the sample of higher atomic weight showed 
the greater wave-lengths, opposite to the effect in the line spectrum of 
lead. The effect in this case is of uncertain origin, but is perhaps vibra- 
tional. Several confirmations of the existence of the predicted isotope 
effect in electronic band spectra have recently been reported by the writer, 
and there can now be little doubt as to the essential correctness of the 
theory. Thus the rotational isotope effect has been confirmed in the 
cases of BO® and CuH,!° and the vibrational isotope effect in the cases 
of BO, SiN, CuCl, CuBr, and Cul.%" 

Kratzer® very briefly pointed the way to the extension of the theory 
of the isotope effect to the case of electronic bands. In the absence of a 
further treatment by Kratzer, a detailed consideration of the subject is 
included in the present paper as a necessary preliminary to the analysis, 
in succeeding papers, of spectra of isotopic compounds. The effects of 
isotopy on the appearance of electronic band spectra are then discussed, 
and at the end several important applications of the isotope effect are 
outlined. Only diatomic molecules are here considered; the method of 
extension to polyatomic molecules will, however, be fairly obvious. 


THEORY OF THE IsoTOPE EFFECT IN BAND SPECTRA 


Theory of band spectra. Any discussion of the isotope effect in band 
must be based on the theory of band spectra in general. From the gen- 
eral theory the various isotope effects are readily deduced. A diseussion 
of the main features of the quantum theory of band spectra is given in 
Sommerfeld’s ‘‘Atombau und Spektrallinien,”’ 4th Edition, Chap. 9 and 
Appendix 15; also see refs. 14-20. A very brief outline will be given here, 
applicable to the most general, electronic, type of band spectrum of a 
diatomic molecule. The notation used is intended to be in accord with 


’ A. Haas, Zeit. f. Phys. 4, 68, (1921) 

* L. Grebe and H. Konen, Phys. Zeit. 22, 546 (1921) 

*R.S. Mulliken, Nature, March 22, 1924 (BO and SiN); Phys. Rev. 23, 554 (1924) 
(SiN); Phys. Rev. 23, 767 (1924) (Cu halides). 

*°R. S. Mulliken, Nature, April 5, 1924. See also R. Mecke and R. Frerichs, Natur- 
wissenschaften, Sept. 26, 1924. 


4“ R.S. Mulliken, Nature, September 6, 1924 (emitters of BO bands; half vibrational 
quantum numbers). 
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that to be recommended by the National Research Council Sub-com- 
mittee on Radiation in Gases. 

Essential to the quantum theory of band spectra is the idea that each 
line of such a spectrum results from the simultaneous occurrence in a 
molecule of quantum jumps of three distinct types. Each of the three 
types of quantum number—electronic, molecular vibrational, and molec- 
ular rotational—may in general have initially any one of a variety of 
values, which may change either by a positive or by a negative integer. 
From the great variety of possible changes, result the great number of 
lines in a band spectrum. 

The frequency of any band line is given by the general quantitative 
relation hy = E’—E’’, where E’ denotes the total energy of the molecule 
in its more excited, E’’ that in its less excited state. Each of the energies 
E’ and E”’ is a function of a set of electronic quantum numbers (é;, é2, és, 

), a quantum number n associated with the vibration of 
the nuclei, and a quantum number m associated with the rotation of the 
nuclei. Although the total energy cannot be divided into three parts 
dependent solely on m, n, and the e’s, respectively, it is nevertheless very 
convenient to treat it arbitrarily as the sum of three terms, the electronic 
energy E*, the vibrational energy E", and the rotational energy E”, i.e., 


E=E(e; ,¢2,¢3, ,n,m)=Et+E*+E”. (1) 
These are defined by the equations: 
E*=E(e, , 2, €3, (1A) 
En =E(e, e2, €3, (1B) 
E™=E(e. , €2, €3, (1C) 
The frequency of any line is now given by: 
hy = E' — = (E"*+ E'"*+ — E"") . (2) 
Eq. (2) may be rewritten: 
hy = (E'*— +-(E'*— + E”™) (3) 


Correspondingly, 

(4) 
It is important to note that, roughly and in general, v°> >v"> >"; 
also that v" and vy™ may both be either positive or negative. Band spectra 
in the near infra-red are characterized by the omission of the v* term; for 
those in the far infra-red, the v” term is also absent ; while for line spectra, 
the v* term is alone present. 
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In band spectra in the optical region, the dominant change is elec- 
tronic, so that such spectra are essentially similar in origin to line spectra. 
Also, electronic multiplets occur in band spectra as in line spectra. All 
the lines in a band spectrum which involve a given single or multiplet 
value of v* are collectively designated a band system. Each individual 
band in a band system is determined by a pair of values (m’,n’’). In 
practice m’ and n’’ have various values up to 5 or 10, or more, especially 
for heavy molecules, while (m’’—m’) is restricted to somewhat smaller 
numerical values. 

The structure of each band in a band system is determined by changes 
inm. These changes (m’'.m’’) are, however, limited, in accordance with 
the correspondence principle, by the rules (m’’—m’) = +1, or Oand +1.” 
Hence v™ is usually relatively small, although at high temperatures, with 
large values of m’, it may become rather large. 

Definitions of band- and system-origins. It is convenient, especially 
in discussing the isotope effect, to have certain points of reference within 
a band system. For this purpose the origin of a band may be defined as 
the frequency v=v*+v", corresponding to »* =0." Similarly, the origin 
of a band system may be defined as the frequency v*, corresponding to 
v" and v™ both zero. The origin of any system then obviously coincides 
with the origin of its (0,0) band. A correct assignment of absolute values 
of n and m to observed bands and lines is of course necessary for the loca- 
tion of the true origin of a band or system. Note also that the origin of a 
band is not necessarily occupied by an actual band-line. Also observe 
that for multiple v*, the system- and band-origins will all be multiple. 
Figs. 2 and 1 illustrate the concepts of band- and system-origin. 

Definition of isotopic displacement. For a mixture of two isotopic 
molecules, the more abundant may appropriately and conveniently be 
used as the standard of reference (subscript 1), since its bands will be 
the more obvious and the more easily measured of the two. The mag- 
nitude of the isotope effect in band spectra may be measured by the 
“isotopic displacement,”’ i.e., the difference (ve—v:) in wave number 


* According to Kratzer the correspondence principle applies not to Am but to Aj, 
where commonly j=m-+e; € is a positive or negative fraction commonly having the 
numerical value 4 or } (or 0), and corresponding to resultant electronic angular momen- 
tum in the direction of molecular rotation (cf. discussion preceding Eq. 8’). In most 
of the bands hitherto analyzed, e’=«’’, so that Am=Aj. But in some cases, such as 
those of He: and certain hydrides, # e’, so that Am Aj, and Am +1, 0. 

'* The term origin has been borrowed by the writer from a review on band spectra 
by Fortrat (Journ. de Phys. et le Rad. §, 33, 1924). Fortrat, however, applies it to the 


“null-line” or ‘missing line,’’ which is not quite coincident with the origin as here de- 
fined. 
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units between like-numbered lines of the two isotopes, i.e., lines such that 
and so on for the electronic 
quantum numbers. The net isotope effect may be considered as a super- 
position of three separate isotope effects, electronic, vibrational, and 
rotational, corresponding to the three terms of Eqs. (1) and (4). Then 


(ve—v1) = — + + 1), (5) 


The electronic isotope effect. The energy E* of a rotationless, non- 
vibrating molecule presumably depends on the electronic quantum num- 
bers in much the same way as the electronic energy of an atom. Hence 
one would expect the isotope effect in the spectral term »* =(E’*—E’"*)/h 
in band spectra, to be of similar origin and magnitude to isotope effects 
in line spectra. For a single electron (mass m) revolving about a nucleus 
of given charge but capable of appearing with either of the masses M, or 
M., the Bohr theory predicts an isotopic displacement of approximately?,* 
the magnitude 


= . (6) 


The effect arises from the motion of the nucleus in reaction to the motion 
of the electron. In an atom containing many electrons, the superposed 
motions of reaction of the nucleus should of course result in a complex 
wobble. An isotope effect similar to that in the simple case might how- 
ever still be expected. Whether it should in general be larger or smaller 
than is given by Eq. (6) is not obvious," although, for the lighter elements 
at least, the latter seems more likely. This is supported by Merton’s 
negative results in a search for an effect of the calculated magnitude 
in Li \6708, and by the absence of any definite evidence of the existence 
of isotope effects in other cases among the lighter elements.” In the 
cases of Pb and TI, effects have, however, been observed which, while 
agreeing in sign with Eq. (6), are of much greater magnitude, although 
still minute.4 This has been tentatively explained by Bohr™ as resulting 
from differences in nuclear structure which may be brought into play, in 
the case of the heaviest elements, by the very close approach of the 
emitting electron to the nucleus at perihelion, which is to be expected 
from Bohr’s theory of atomic structure. 

In a diatomic molecule, the wobbling of each nucleus must be more 
complex than in an isolated atom, being influenced by the motions of the 
electrons of both atoms and of possible shared electrons. No important 
new factor appears, however, to be involved, and it seems certain that the 


14 P. Ehrenfest and N. Bohr, Nature 109, 745-6 (1922) 
‘6 Merton, Proc. Roy. Soc. 99A, 87 (1921) 
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isotope effect cannot be of a larger order of magnitude for a compound of 
an isotopic element than for the element in atomic form; in fact a de- 
creased effect in all cases (including such a case as that of a compound of 
a light isotopic element with a heavy element) seems likely. 

One may then conclude with considerable positiveness that the elec- 
tronic isotope effect in band spectra must be very small and for most 
purposes negligible. 

Dependence on mass of the coefficients of the energy expression for a 
quantized diatomic molecule. The quantized energy of a non-gyroscopic 
diatomic molecule which behaves as an inharmonic oscillator, is given, 
according to Kratzer,”,!’ by the expression 


. . . | 
. . (7) 


The Am term should be small—often negligible—and is applicable to 
cases where m has fractional values.” The isotope effects in band spectra 
can be completely deduced if it is known how the masses of the atoms 
enter in the various terms. The E* term has already been considered. 
In the E* and E™ terms, it turns out that each coefficient involved can 
be broken up into the product of a constant not dependent on mass, and 
a factor w~?, where 1/u=1/M+1/M’, M and M’ being the masses of the 
two nuclei. These mass factors can be determined from an examination 
of the origin of the coefficients in Kratzer’s papers; most of them appear 
explicitly in an alternative method of derivation given by Born and 
Hiickel.'* The appropriate factor involved in each coefficient of Eq. (7) 
is given in parentheses immediately preceding the coefficient in Eq. (7A). 


+h Bm* — (u-3/2) anm? — (u-*) Bm‘ — (u-*) . (7A) 


From the physical viewpoint, it is of interest to recall that a of Eq. (7) 
is equal to wo, the molecular vibration frequency for small-amplitude 
vibrations, and B=h/8x*Jo, where J is the moment of inertia. In the 
earlier treatment of the isotope effect by Loomis, Kratzer, and Haas, the 
effects of mass on wy and J were considered only in the terms hwon and 
m*)?/8n*J, other terms being neglected. 


“A. Kratzer, Zeit. f. Phys. 3, 289 (1920) 

‘7 A. Kratzer, Ann. der Phys. 67, 127 (1923). Kratzer uses m* where m is used here, 
and reserves the symbol m for m*+e, which is here represented" by j. 

‘“* M. Born and E. Hiickel, Phys. Zeit. 24, 1 (1923) 
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A critical examination of the origin of the mass-factors in Eq. (7A) is 
desirable. This can be accomplished by sketching certain features of 
the mode of attack used by Kratzer in obtaining Eq. (7).!" 


If r isthe momentary distance between the nuclei of a diatomic molecule, and ¢ the 
angle through which they have rotated, the (unquantized) energy may be expressed 
by E=U+}ur'd?+}ur?. Here U=E*+AU. The other two terms represent T, the 
nuclear kinetic energy of rotation and vibration. With respect to these nuclear motions, 
U behaves as potential energy, and obviously depends essentially on r. If the molecule 
is vibrating, the variable term AU may be either positive or negative, according to the 
momentary phase of the vibration. If the molecule is rotating, AU contains a contribu- 
tion due to centrifugal expansion. Fundamentally U (including E* and AU) represents 
the sum of all kinetic energy of electron motions (together with the corresponding slight 
energy of wobbling, but exclusive of the energy of true vibration, of the nuclei) plus all 
the potential energy of the system nuclei-electrons. For the moment let us assume that 
U is a function of r only, U= U(r); in so far as this is true the practical equality for 
isotopes which, as was shown above, should hold for E* must also extend to U on account 
of the identical seat of the energy in the twocases. Writing E in terms of the momenta 
be and (pg = ur’; and pp =9T /dr =yr), and applying the quantum relations 
=2xpyg=mh, where m is an integer, 
E= U(r) +p6? = U(r) /8xtur? +p)? /2y. (8) 
Solving for f,, and applying the quantum condition, there results nh= §p,dr= 
Vu VE—U(r)—mth? Inserting an appropriate expression for U(r) and inte- 
grating (cf. Kratzer. or Born and Hiickel,’ for these steps'*), Eqs. (7) and (7A)— 
without the Am term—follow. 
As Professor E. C. Kemble has kindly pointed out to the writer, the preceding method 
of attack is capable of yielding a general functional relation which may be applied to 
determine the correct mass factors in any practical case. Thus from the above equation 


nh=$pdr=... , it follows in general, without specifying the exact form of U(r), 
that m/ yu is a function of E,m/\ yu, and constants of integration. From this, 
E=F(n/vu, m/v). (9) 


The results of the preceding two paragraphs must in general, however, be slightly 
modified. Kratzer has pointed out '’ that the correct expression for pg is in general 
(ur? +Zpy)¢ instead of ur°d.2 Here py is the component of angular momentum, for 
any electron, in the direction of molecular rotation, Spy being the resultant electronic 
angular momentum in this direction. One may put Dpy = eh/2x; then if urd =mh/2e 
as before, pg=(m+e)h 2e=jh/2e. Kratzer considers the quantum relation to be 
gatisfied if 7 is integral? Since ¢ is in general fractional,* m must then in general have 
non-integral values (lI—e), (2—«), etc. With this understanding, no change is yet 
required in the form of Eqs. (7) and (7A). However, Kratzer shows that with the ap- 
pearance of an ¢ (and perhaps even when «=0), U of Eq. (8) should be written U(r,¢) 
instead of U(r)2° (Kratzer uses the form U(r, pg), which does not however bring out 
the effect of u which we are interested in here). The added energy dependent on ¢ may 


1® See also E. C. Kemble and J. H. Van Vleck, Phys. Rev. 21, 653 (1923) 
* It seems possible that in rare cases, with weakly bound molecules, appreciable 
terms affecting E” and the vibrational isotope effect might also occur due to a dependence 
of U on ¢ as well as on ¢ and ¢. 

% More generally, for a molecule having resultant electronic angular momentum 
ch /2e around the line joining the nuclei, m=(Vj?—o?—«). See A. Kratzer, Natur- 
wissenschaften 27, 581 (1923); H. A. Kramers and W. Pauli, Jr., Zeit. f. Phys. 13, 351 


(1923). 
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be described as chiefly: (a) added electronic kinetic energy due directly to the rotation 
of the molecule; (b) energy due to the deformation by centrifugal force of the electron 
structure about each nucleus, and not included in the energy of centrifugal expansion 
previously considered and dependent solely on r. Since ¢=mh/2xur*, U(r,6) may be 
expressed as U'(r,m/u). Expanding this in a Taylor series about r = 19 (ro = equilibrium 
value of r in a rotationless molecule) and m=0, and neglecting the higher and mixed 
terms,” U'(r,m/u) = (m/n) +... The expression for E analo- 
gous to Eq. (8) is then 

This gives in place of Eq. (9), 

E-A'm/ut ... (9") 
Treating Eq. (8’) as was indicated in the case of Eq. (8), Eqs. (7) and (7A) follow. The 
correct mass factors for Eq. (7A) can be obtained by the application of Eq. (9’) in 
connection with Eq. (7)—as may easily be verified. 


For a quantitative study of the isotope effect, corresponding co- 
efficients for corresponding band spectra of two or more isotopes should 
be determined and compared. For this purpose, energy expressions of 
the form of Eq. (7) should be determined for each isotope by an analysis 
of its spectrum. Each band system should yield two energy expressions 
E’ and E"’, for the two states of the molecule. In practise, E* and E* 
may be approximately determined before, or without, determining E™. 

As a guide to any quantitative study of the isotope effect in a partic- 
ular case, it is important to consider the subject in a general way, in- 
cluding its more qualitative aspects. This will be done below. 

The vibrational isotope effect. From Eq. (7), 

E*=an—bn*+cn'+ ... (10) 
The coefficient a is proportional to 1/y', b to 1/u, cto 1/y’, by Eq. (7A). 


Here M’ is the atomic weight of the non-isotopic element in the com- 
pound. Then, if Eq. (10) is written down separately for isotopes 2 and 1, 

Now + + . (13) 


The vibrational isotopic displacement is then 
(¥a"— = (p— 1) (a;'n’ —a,"'n") (p?— 1) + 
(p31) . . (14) 


"See ref. 17. It is possible that higher power (e.g. cubic) terms in the expansion 
are sometimes needed: cf. A. Kratzer, Zeit. f. Phys. 16, 353 (1923). 

™ Theoretically M’, M,, and M; stand for nuclear masses. Practically, the value 
of p is substantially the same if the atomic weights are used. 
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Approximately, since a> >b> ><, 


(v2"—v.") =(p—1)r4". (15) 
In estimating the value of (o—1) the following relation is useful: 
(o?— 1) = M’(M,— M»)/M(M,+M’')— 2(p—1) . (16) 


Note that (9—1) is positive if the more abundant isotope (1) is the 
heavier, and vice versa. 

Eq. (15) tells the main part of the story in regard to the vibrational 
isotope effect. The isotopic displacement should be zero* at the origin 
of a band system, where »;\"=0. If (p—1) is positive, the displacement 
will be positive on the high frequency side of the origin (v" positive) and 
negative on the low frequency side (v" negative). Corresponding band 
systems of two (or more) isotopes should be identical in pattern but should 
differ in the scale of that pattern. This scale should always be greater, in 
approximately the ratio p, for the lighter of two isotopes, so that every 
band of the lighter isotope should lie farther from the origin than the 
corresponding band of the heavier isotope. The distance |(vz2—¥)| 
between corresponding bands of two isotopes should increase approxim- 
ately linearly with the distance, in either direction from the origin, and 
may reach comparatively large values, since (e—1) is commonly of the 
order of magnitude of 1 percent. 

The characteristics of the vibrational isotope effect as discussed in 
the preceding paragraph are illustrated in Fig. 1. This represents dia- 
grammatically two typical modes of arrangement of bands in a band 
system. Each vertical line indicates the position on a frequency scale of 
a particular band, or, to be specific, of a particular point, let us say the 
origin, of a particular band. The full lines represent the more abundant 
isotope (1), the broken lines, isotope (2). An isotope effect corresponding 
to (op —1)=+0.10 has been assumed in 1(a), and to —0.05 in 1(c). The 
situation pictured in 1(a) is much like that in BO bands (isotope 1 = B"O, 
isotope 2=B°O), and that in 1(c) much like that in the Cul bands 
(isotope 1=Cu®I, isotope 2=Cu®I). However, the isotope effect is here 
exaggerated about four-fold, and the relative intensities of the different 
bands and the full range of values of m’ and n’’ are not here represented. 

The actual appearance of a band system is of course greatly compli- 
cated, as compared with Fig. 1, by the structure of the bands. Further, 
the number of bands associated with a given pair of vibrational quantum 
numbers may be increased either (a) by the presence of more than two 


% This neglects the presumably minute electronic isotope effect and (for other than 
the (+0 band) the effect of higher power terms in m (cf. Eq. (14) and ref. 37). 
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isotopes, resulting in a more or less complex isotope pattern (cf. Fig. 3), 
or (b), by the existence of a multiple value of v*. Further confusion may 


be caused by the overlapping of two unrelated systems of bands (dif- 
ferent v*). 
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Fig. 1. Typical band patterns for a mixture of two isotopes. Each vertical line repre- 
sents the position of a band having initial and final vibrational quantum numbers n’ 
and '’, respectively. For the full lines, representing the more abundant isotope, »: = 
K+29kn’—40kn"’ in (a) and (6), while »: (broken lines, less abundant isotope) = K+ 
1.10(29kn’—40 kn’’). In (c) and (d), », =L +36 kn’ —40 kn"’, and =L+0.95(36kn’ — 
40 kn’'). Slanting lines are drawn to connect like-numbered bands of the two isotopes. 
Comparison of (6) with (a) shows how a change of the minimum values of n’ and n’’ 
from 0 to $ produces a relative displacement of the patterns of the two isotopes, although 
it does not change the form of either pattern. To appreciate this, the absolute displace- 
ment between (6) and (a) should be imagind as removed by a shift along the frequency 
axis such as to bring the (4, $) band of (6) into coincidence with the (0, 0) band of 
a), for the more abundant isotope. This relative displacement is the smaller—cf. (d) 
vs (c) with (6) vs (@)—the more nearly alike are the coefficients of n’ and n’’. 


The rotational isotope effect. The establishment here of a detailed 
formula for the rotational isotopic displacement would be confusing and 
unnecessary. It will, however, be seen from Eq. (7A) and the definition 
of p, that the various terms of such a formula would have coefficients 
involving p*, p*, and p*. The most important term in m in Eq. (7) is the 
term: E™=Bm?+ ... Since B involves E2*/E,"=p?, approx- 


imately. Then (AE,"/h)/(AE,"/h) =v2"/v,"=p?, approximately, and, 
also approximately, 


(v2"—1") =(p?—1).™. (17) 
For anything more than an approximate check on the rotational isotope 


4 
75978 | $98 $38 4 2 
q 
| 


130 ROBERT S. MULLIKEN 


effect, of course, accurate determination for each isotope of the coefficients 
in its complete E™ expression would be necessary. 

A good idea of the nature of the rotational isotope effect in practice 
can be obtained by considering a (hypothetical) band of simple type with 
three branches, using for the specification of v,” simplified E™ expressions 
neglecting all but the Bm? term of Eq. (7). Let C=B’—B’’. Then,™.” 
for the positive and negative branches (m’=m'’+1), and for the null 
branch (m’=m"’), respectively, 

= By’ +2B,'m+Cym? and (18) 


Note that the isotope effect coefficient is (p?—1) for each of the three 
terms of Eq. (18).?7)78 

At the origin of any band (v™=0), the isotope effect (aside from the 
practically negligible superposed electronic effect) must be purely vibra- 
tional. The rotational effect can best be studied by referring correspond- 
ing band lines of isotopes each to its band-origin, thus eliminating the 
vibrational effect. When this is done, the rotational effect for the lines 
in a band is closely analogous to the vibrational effect for the bands in a 
system. The pattern is the same for each isotope, but the spacing is 
greater, approximately in the ratio p*, for a lighter isotope. This is 
illustrated in Fig. 2, which shows v™ plotted”® against m according to 
Eq. (18) for the three branches of an imaginary band having half-inte- 
gral values of m’ and m’’. The full-line parabolas refer to the more 
abundant, the dotted parabolas to the less abundant, of two isotopes, and 
an isotopic displacement coefficient (p?—1) of 20 percent is assumed. 
The plot corresponds to zero vibrational isotope effect; any such effect, 
if present, may be represented by displacing the entire set of lines for one 
isotope along the frequency axis by a suitable amount. The direction of 
the required displacement will differ according to the sign of the under- 
lying vibrational effect. The superposition of the rotational on the vibra- 
tional isotope effect may thus either increase or decrease the magnitude 
of the total isotope effect; in a given band the result will be opposite for 
lines on opposite sides of the band-origin. 

Infra-red bands. The relations of the preceding paragraphs of course 
all hold if one puts v*=0, corresponding to the case of infra-red bands. 

The isotope effect for band heads. For the head of a band,”»** 

dv™/dm and (B’-—B"/C). (19) 


* Cf. A. Sommerfeld, Atombau und Spektrallinien, pp. 719-21, 4th edition. 

*7 In practice B is replaced by (B—an); the fact that a has an isotope coefficient 
(p?— 1) may sometimes have a considerable effect, especially on C (cf. ref. 29). 

* For less simple types of bands,"* where Am» +1, 0, Eqs. (18), (19), and (20’) would 
no longer hold. Eqs. (20) and (21) would still hold, however. 
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According to Eq. (17), the rotational isotope effect then produces a 
separation of approximately*” (p?—1)vj.,.g as between two isotopes 
(see Fig. 2). The sign of vj, may be positive or negative, depending 
chiefly on the sign of C. In Fig. 2, C is assumed negative. 

In studying the vibrational isotope effect, when measurements have 
to be made under low dispersion, it may often be impossible to determine 
the positions of band-origins. In such cases it is necessary to measure 
the positions of band-heads instead. It is then desirable to know to 
what extent the variable rotational isotope effect thereby introduced, 


Fig. 2. Fortrat diagram, showing the rotational isotope effect. For the positive and 
negative branches, », (full lines, more abundant isotope) =K,+8k +16km+1.5km?; 
v, (broken lines, less abundant isotope) = K2+1.20(8k +16km—1.5km*); K,=Ks. 
For the null branch, »;=K,—1.5km*; v;=K,—1.20(1.5km*). Each intersection of a 
horizontal full line with a curve (except at m=} on the negative branch) gives, by pro- 
jection to the v axis, the frequency of a band line (cf. similar diagram in Sommerfeld’s 
Atombau und Spektrallinien, 4th Ed., p. 720). Half-integral values of m, beginning with 
4, are here used in order to be in accord with present knowledge of typical band spectra. 
—lIn general, on account of the vibrational isotope effect, K,;# K,; to represent this, all 
the curves for one isotope (with their origin) should be imagined as displaced by a suit- 
able, usually relatively large, amount along the » axis. 


which depends on n’ and n’’ when the full expression for E™ is used, will 
affect the apparent values of the E* coefficients and their ratios for two 
isotopes. 


* Eq. (20) is obtained by expanding (B’— B’*/C) of Eq. (19). For this purpose, B’ 
and C of Eq. (18) must be redefined so as to include the anm?* term of Eq. (7); then E* = 
(Bo—an)m*— Bm‘ = Bm*—fm'‘. The term in m* may legitimately be neglected, since B 
is small, and mead is not large if the series of Eq. (20) is to be sufficiently convergent to 
be worth using. Eqs. (18) and (19) are then applicable, with the understanding that 
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If mead is small, it is possible to show®® that vj.,, can be expressed 
as a reasonably convergent power series in m’ and n’’, with a relatively 
large constant term x. This is of the form 

+(d+en’+ +... (20) 
The isotopic displacement coefficient for each term is then given by 
(p*+#—1), if x is the power to which the vibrational quantum numbers 
appear in the term in question. Adding v*, v® from Eq. (13), and »™ 
from Eq. (20), one gets a formula for the frequencies of a system of band- 
heads. This is of the form 

(21) 
Here k=v‘+x. The constant term and the coefficients of the terms in 
n’' and n”’ in Eq. (21) now contain small contributions from Eq. (20); 
such contributions may form the chief part of the cubic (and higher 
power) terms, and are alone responsible for the appearance of n’n”’ 
terms. For all these contributions, the isotope coefficients is (p?**—1), 
while it is only (p*—1) for the truly vibrational parts of the m’ and n’ 
coefficients. A study of the relative magnitude of the coefficients in 
Eqs. (20) and (21) shows, however, that the error so introduced (in the 
experimental determination of p for comparison with theory) will be at 
or below the limits of error in measurement in all cases where a resolution 
of the bands cannot be accomplished. If such resolution is accomplished, 
the small rotational terms in Eq. (21), due to inclusion of (20), can ob- 
viously be eliminated. 

Magnitude of isotope effects in relation to their experimental examination. 
The possibility of confirming approximately, or quantitatively, the iso- 
tope effect in band spectra, depends of course largely on the magnitude it 
may assume. Eqs. (15) and (17), in connection with Eq. (16), tell much of 
the story. According to Eq. (16), 2(o—1) —(p?—1) = M’(M,— M2)/M:x 
(M,+M’). From this it is evident that the vibrational isotopic dis- 
péacement, which is nearly proportional to (9—1), and the rotational 
displacement, nearly proportional to (p?—1), both increase with M’, 
b eing almost directly proportional to it for M’<M.*° But these coeffi- 


B’ = By'—a'n'; Bo’’—a’'n"’; C=Cyo—a'n’+a''n"’. Substituting for B’ and C in Eq. (19) 

and expanding, »™head = —H)—Kg'n'+Hg''n"’ —Kg"n"—Hg'"n'" + 

Here H=B'?/Cy; g’=0a'/Co; and g’’=a'’/Cy. Note that the terms in- 

volving odd powers of n’ and n'’ do not change sign with Co, while the other terms do. 
% The importance of the mass M’ was also pointed out by Kratzer.* 
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cients diminish rapidly with increase in the atomi¢ weight M of the iso- 
topic element; these last two points are illustrated in Fig. 3 (also cf. ref. 
10). Obviously they also depend on the, magnitude of the difference 
(M,—M:) between the atomic weights of the individual isotopes. 

In addition to the values of the isotope effect coefficients, the extent 
of the band system under examination is important for the vibrational 
isotope effect, since the total separation between corresponding bands 
of two isotopes increases with their distance from the origin of the system 
(cf. Eq. (15) and Fig. 1). An analogous statement holds for the rotational 
isotope effect in relation to the extent of the individual bands. The 
extent both of bands and of band systems appears in practice to be greater 
for light than for heavy molecules, so that the unfavorable effect of high 


Cu 


_| 


00 -0005 -0.020 -0025 


Fig. 3. Calculated values of (p—1) for some copper compounds (Cu; is hypo- 
thetical), illustrating especially the effect of the mass of the second element, and showing 
isotope patterns of the copper halides. The ordinates are proportional to abundance. 


atomic weight is emphasized. The crowding of band-heads and band 
lines in the case of heavy molecules, due to the reduced vibration fre- 
quencies and increased moments of inertia, also adds to the difficulty in 
such cases. 

On account of the usual’small extent of an individual band, the study 
of the rotational effect will in general be much less easy than that of the 
vibrational effect, in spite of the more favorable coefficient. The extent 
of an individual band is of course relatively great with a high-temperature 
source (such as the arc), and occasionally this might be taken advantage 
of in studying the rotational effect. Usually, however, the overlapping 
of neighboring bands will under such circumstances obscure their 
structure and make it very difficult to study either the rotational or 
the vibrational effect. In fact, a low temperature source is especially 
desirable for the vibrational effect on this account. Under such conditions 
the band heads often stand out distinctly like the lines in Fig. 1. 
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In searching for a favorable case for study among electronic bands, 
the writer was at first unable to find any data in the literature, except for 
the very small effect of uncertain significance in the case of lead.* Finally, 
however, analysis of a band spectrum which had been measured by W. Je- 
vons and ascribed by him to a nitride of boron® showed that certain 
extra heads could be accounted for by the isotope effect.** A further 
investigation of this spectrum was then undertaken.* Other examples 
have since been found,®!°"" as mentioned above in the introduction. 
In only one of these cases,!° however (CuH), were any data found in the 
literature. It is probable that in other cases where isotope effects should 
have been observed, the isotope heads have been dismissed as part of a 
complicated band structure, or as of foreign origin. 

Nature of relation between like-numbered bend-lines of two isotopes. 
The comparatively large differences in position between like-numbered 
bands and band-lines of two isotopes (Figs. 1 and 2) suggest that isotopic 
molecules must differ markedly. This is of course true in respect to 
nuclear mass and consequently in respect to the velocities and frequencies 
of nuclear motions. But the forces holding the atoms in a molecule must 
almost certainly be the same for two isotopes, and have been assumed so 
in all discussions of the isotope effect in band spectra. Thus it was shown 
that U(r) of Eq. (8) or (8’), and so its derivatives, must be substantially 
identical for isotopic molecules. 

Bohr has shown in connection with his correspondence principle that 
the frequency of a quantized motion should be given exactly by differen- 
tiating E/h with respect to the corresponding quantum number. Thus 
from Eq. (7) or (10), the vibration frequency of a diatomic molecule 
(for m=0) is 

w= (1/h)dE/dn=a—2bn+3cn*+ --. (22) 
For a given value of m, the ratio of vibration frequencies of two isotopic 
molecules is then (cf. Eqs. (10), (11), (22)) 


Xp. (23) 


a,—2b\n+3c\n? 


If we and w; are compared for identical E” instead of for identical n, how- 
ever, treating E” for the purpose as if it were a continuous function of n, 
it can be shown that we/w; =p exactly, for any value of E". An analogous 
treatment may be applied to the rotation frequencies. 

% W. Jevons, Proc. Roy. Soc. 91A, 120-134 (1914) 

%R.S. Mulliken, Science, Aug. 31 (1923) 


33 Preliminary accounts have appeared in Nature. *" A fuller account will appear 
shortly in the Physical Review. 
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The relative intensities of like-numbered bands and band-lines of two 
isotopic molecules should obviously be determined primarily by the 
relative abundance of the two isotopes, and so should furnish a useful 
measure of the latter. However, the non-identity of the E values for 
isotopes, for an identical set of m,m values, introduces various complica- 
tions for which allowance must first be made. 


APPLICATIONS OF THE ISOTOPE EFFECT IN BAND SPECTRA 


Study of isotopy. The isotope effect in band spectra promises to be of 
much usefulness in several ways. In the first place, it furnishes a new 
method for determining the isotopes of a given element. Although it is 
not likely, in view of the progress already made by Aston toward a 
survey of the elements, to be a serious competitor of Aston’s positive 
ray method, it promises to be of considerable value in confirming and 
supplementing the results of positive ray determinations. An example 
of this is the definite confirmation® of the existence of Si®°, previously 
in doubt; this result, as well as the relative intensities of Si?® and Si*® 
found from the SiN band spectrum, has since been verified by Aston 
(Nature, Aug. 23, 1924) with the mass spectrograph. The band spectrum 
method has an advantage over the positive ray method in that the iden- 
tical structure of the band spectra of a group of isotopes prevents the 
possibility of confusion between masses belonging to different elements. 
This involves the corresponding disadvantage that intercomparison of 
masses between atomic species belonging to different elements is less 
direct and accurate. For a given isotopic element of known mean atomic 
weight M, a determination of the atomic weights of the individual isotopes 
should usually be possible by the study of the vibrational isotope effect 
in a suitable compound with an element of known atomic weight M’. 
The coefficients a’ and a’’ of Eq. (13) for each of two or more isotopes 
need be determined only with very low accuracy to decide from their 
ratios, with the help of Eq. (16), whether isotopes differ by 1, 2, or by 
more units of atomic weight. In particularly favorable cases, accurate 
determinations of individual isotopic atomic weights M, and M2 may 
sometimes be possible. 

Electronic band spectra have several advantages over infra-red bands 
for the study of isotopy, such as the easier experimental technique and the 
greater variety of readily investigated substances. Also, the much larger 
number of bands which occur in an electronic as compared with an 
infra-red spectrum, not only multiplies the opportunity for study, but 
also leads to isotope effects of larger magnitude. 

Interpretation of band spectra. By its introduction of mass as a variable, 
the phenomenon of isotopy promises to give powerful aid in the analysis 
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and interpretation of band spectra, and in the development of the theory. 
Furthermore, the results already obtained in confirmation of the isotope 
effect constitute very strong new evidence for the correctness of the main 
features of the theory. 

Location of system and band origins and determination of absolute vibra- 
tional and rotational quantum numbers. In the analysis of a band system, 
an assignment of vibrational quantum numbers to the individual bands 
is necessary. This is usually accomplished, after the bands have been 
arranged in series, with the help of certain criteria developed by Heur- 
linger“ and Kratzer.** These are essentially (1) the assumption that, 
in Eqs. (13) or (21), »’ and ’’ should have only positive integral values 
beginning abruptly with zero, the bands having the lowest values of 
n’ and n"’, especially zero, being intense; and (2) a theoretical require- 
ment that the coefficients b’, b’’ of Eqs. (13) and (21) should usually be 
intrinsically positive for an inharmonic oscillator. Actually, it appears 
that both rules may be violated. In some cases, there is evidence that 
bands corresponding to moderate values of »’ and n”’ are present but 
that the system fades toward the origin as well as toward higher quantum 
numbers,** thus violating (1). A study of the coefficients in Kratzer’s 
energy expression corresponding to Eq. (7) furthermore shows that con- 
dition (2) is also unreliable. 

The vibrational isotope effect offers a third, and this time reliable, 
criterion for the location of the origin of a band system. As will be seen 
from Eq. (15) and Fig. 1(a) or 1(c), corresponding band systems of a 
group of isotopes must have a common origin. Toward this point, from 
the direction both of high and of low frequencies, the isotopic displace- 
ment converges to zero. The approximate*’ location of the origin of any 
band system can thus easily be found for a mixture of isotopes; the (0-0) 
band is then readily located and the proper numbering of the other 
bands follows. The writer has found this method particularly useful in 
the case of the band spectra of the copper halides,* where several band 
systems of the type of Fig. 1(c) are closely intermingled. 

* T. Heurlinger, Zeit. f. Phys. 1, 82 (1920) 

% A. Kratzer, Phys. Zeit. 22, 552 (1921) 

* This appears to be the case in the I, absorption bands according to R. Mecke 
(Ann. der Phys. 71, 104, 1923), in the SiN bands,* and in the 8 bands of active nitrogen 
(probably due to NO). 

** The situation is really not quite as simple as in Fig. 1. A band having a suitable 
pair of values »’ and n’’ (approximately such that a’n’=a’’n’’) different from zero 
may happen to fall directly upon the origin, for one isotope. But in general, the like- 
numbered band of the other isotope will fall slightly to one side, due to the non-linear 


terms in Eq. (14). Similarly, for bands near the origin, considerable departures from 
Eq. (15), even to a reversal of sign for very small , may occur if n’ and n”’ are large. 
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In the development of the quantum theory of band spectra, it has been 
assumed that the vibrational quantum numbers n’ and n’’ have the 
minimum value 0. A more general assumption would be that they have 
minimum values and mot necessarily zero. For the mo’’) 
band, there must in general be an isotope effect if mo’ or mo’ >0. Fig. 1(b) 
illustrates this: mo’ and no’’ have both been assumed to be 3; the BO 
bands, as a matter of fact, show just this behavior." If the coefficients a’ 
and a”’ of E*/h are nearly the same, as in Fig. 1(d), so that all the mem- 
bers of the group n—m are close together, the isotope effect for ($4) 
may be too small to detect. This difficulty occurs in all infra-red bands. 

Denoting by A the value of (v2"—¥v,") at (mo’, mo’’), and neglecting all 
but the linear terms in n’ and n’’, 

A=(p—1) (a’no’ . (24) 
Eq. (24) will of course not serve to determine both mo’ and n,’’ without 
assumptions. If the possible values of mo’ and mo’’ are assumed to be 
restricted to small integral or half-integral values, however, a solution 
may be obtainable. Thus in the case of BO, if the possibilities are re- 
stricted to 0,3, 1, the only solution of Eq. (24) is mo’ =4, mo’’ =}3.°* Except 
for the isotope effect, there is no way of getting at mo’ and mo’’ by the- 
oretical analysis of band spectrum data.*® This is because of the gen- 
erality of the theoretical form of the vibrational energy function: E*= 
an—bn?+cnP+ ..... , a> >b>>c, and because the analysis of a 
band spectrum yields only a set of values of E*—E%.*° 

In the case of the rotational energy, the theoretical form E*=Am+ 
, A<<B, in connection with certain combination 
relations, usually permits the determination of mo. In cases where this 
is not true, the rotational isotope effect, which must necessarily be zero 
‘cf. Eq. 1C) at the true band origin, should be a valuable aid, and in all 
cases it should be of confirmatory value. 

* If n’9=mn"’o=} in the CuH bands, the calculated values of the isotopic displacement 
given in ref. 10 should all be increased by 0.03 units. This is, however, too small to 
affect the conclusions there reached as to the CuH origin of the bands. 

* There are two other possible methods of utilizing the isotope effect in cases where 
very accurate data can be obtained; both permit independent absolute determinations 
of nm’) and m’’y. (1) The apparent or experimental value of p obtained by comparison of 
corresponding coefficients a’ and a’’, etc. (cf. Eqs. (10)-(14) ) for isotopes will depend 
somewhat on the absolute assignment of m’ and n’’ values. The latter can therefore be 
so assigned as to give quantitative agreement of p with the theoretical value. (2) From 
Eq. (7A), =X E,* =X ym'*+ where X,=(B,—a,n), X;= 
°Bi—ptan). Solving, »=(X:—X2/p*) /a:(p—1). This applies both to »’ and to 
for any band (including m’o, ’’s). X; and Xz, a; and p are all determinable from ex- 
periment or theory. 


“ It is also possible to show that no information as to absolute » values can be ob- 
tained from study of the anmm* term of Eq. (7), except with the aid of the isotope effect.” 


i 
| 
. 


138 ROBERT S. MULLIKEN 


Specific heats. The success of the isotope theory in the case of band 
spectra requires the existence of small but real differences between the 
specific heats of gaseous isotopes at suitable temperatures, on account of 
the intimate relation between the quantum theory of band spectra‘! and 
that of specific heats in gases.‘* Differences of similar origin would be 
expected for solids and liquids. 

Identification of emitters of band spectra. The value of information 
obtained from the study of a particular band spectrum is obviously 
greatly enhanced if one knows definitely the chemical formula of the 
emitting molecule. In the history of band spectra, controversies as to 
the identity of emitters fill many pages. In the case of diatomic com- 
pounds of isotopic elements, the isotope effect now gives a practically 
certain means of identification. The decision between two possible com- 
pounds 1M’ and 1M" of a given isotopic element M is very easy if 
the atomic weights /’ and 1/”’ differ considerably. Thus the isotope 
effect may reveal almost at a glance whether a given band spectrum in 
which an element ./ is concerned is due to M1], MO, or Ms. Eq. (16) 
shows that for 1f’<.M, the isotopic displacements are almost directly 
proportional to /’. In practice, the isotope effect has already proved 
useful in helping to establish the hydride origin of certain band spectra 
associated with Cu, Zn, Cd, and Hg.'® Fig. 3 illustrates the effect of 
M’ on the magnitude of the isotope effect.“ Note that for a molecule 
M, of an isotopic element, (p—1) is in general relatively favorable. 

In deciding between an oxide MO(O=16) and a nitride MN(N = 14), 
careful measurements are necessary. In the case of BO vs BN the ob- 
served vibrational isotope effect coefficient (op —1)=0.0291 agrees quan- 
titatively with theory (0.0292) for BO, but not for BN(0.0276), while 
other evidence, although not entirely conclusive in itself, also favors BO." 

In conclusion, the writer wishes to express his appreciation of the 
valuable criticism and helpful suggestions of Prof. E. C. Kemble. 


JEFFERSON PHysicAL LABORATORY, 
HARVARD UNIVERSITY, 
August 21, 1924. 


“ Compare, e.g., Kemble and Van Vleck;!* F. Reiche, Ann. der Phys. 58, 657 (1919); 
R. C. Tolman, Phys. Rev. 22, 470 (1923). 

« The secondary effect of half-quantum numbers on the isotope effect in specific 
heats would be undetectably small. Even the primary effect would be difficult to detect 
experimentally, even with well-separated samples of isotopes. 

«2 1t may be stated here that the real existence of the theoretical isotope patterns of 
Fig. 3 has been confirmed in the cases of CuC] and Cul, and partially in the case of CuBr.® 
The spectra of CuCl! and CuBr also shows indications of the possible existence of a 
third isotope of Cu of atomic weight 61 in still smaller amount than 65(63 is the most 
abundant). 
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DIFFUSION OF ELECTRONS IN LOW VOLTAGE ARC 


THE DIFFUSION OF ELECTRONS AGAINST AN ELECTRIC 
FIELD IN THE NON-OSCILLATORY ABNORMAL 
LOW VOLTAGE ARC 


By K. T. Compton AND CARL ECKART 


ABSTRACT 


Oscillatory abnormal low voltage arc in pure helium.—Experiments with a 
tube provided with an anode and a hot filament cathode, built and used with 
elaborate precautions for excluding mercury vapor, disproved the suggestion 
that traces of mercury vapor as an impurity play an essential role in per- 
mitting arcs in helium to operate at abnormally low voltages. 

Non-oscillatory low voltage arc.—It has been found that, under certain 
conditions, arcs may be maintained at abnormally low voltages (below the 
lowest critical potential) and without oscillations, in helium, mercury vapor and 
argon, this type of arc being particularly striking and easy to obtain in argon. 
An arc tube, provided with a movable exploring electrode which was used 
according to Langmuir’s method, enabled measurements of potential, of ion 
concentration, and of average energy to be made in all parts of the arc. With 
arcs operating on about 6 volts, the cathode drop was invariably very near to 
11.5 volts (the minimum radiating potential of argon), so that there was a 
reverse field of about 5 volts existing throughout the greater part of the arc. 
The fact that the arc current of almost an ampere flows against this field is due 
to the effect of diffusion arising from the large concentration gradient. The 
electron concentration varied from the order of 10"? per cc just outside the cathode 
to about 10!° near the anode. The reverse field is due to the difference between 
the mobilities of electrons and of positive ions and is therefore most pro- 
nounced in the case of argon, in which electron free paths are abnormally long. 
The most interesting single feature of this research is the proof of the im- 
portance of ion diffusion in low voltage arcs. 


INTRODUCTION 


ie IS well established that arcs may be maintained in gases or vapors 

at voltages as low as their ionizing potentials, or, in cases where 
cumulative ionization is possible, as low as their radiating potentials, 
provided a hot cathode is used as a source of electrons. Considerable 
discussion has been occasioned by arcs which have been maintained at 
still lower voltages,! since at such voltages the electrons are known not 
to effect either partial or complete ionization of the molecules with which 
they collide. 

Recently Bar, v. Laue, and Meyer? and, independently, the present 
writers’ have shown that some of these arcs, notably those in helium, 

‘ Compton, Lilly, and Olmstead, Phys. Rev. 4, 282 (1920). 


* Bar, v. Laue and Meyer, Zeit. f. Phys., 20, 82 (1923) 
* Eckart and Compton, Phys. Rev. 24, 97-112 (1924) 
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may be accounted for by the existence of electrical oscillations,‘ the peak 
voltages of which always exceed the lowest radiating potential of the gas. 
An experimental and theoretical study of these oscillations has shown 
them to be in the nature of current interruptions occasioned by the rise 
in current and consequent drop in voltage occurring when the ionization 
is sufficient to create a positive space charge around the filament. Under 
such conditions there is nothing to prevent a rise in current to its satura- 
tion value. The increased potential drop in the series resistance, which 
accompanies this rise, reduces the voltage across the arc to such a value 
that no further excitation of molecules can occur. Ionization, however, 
continues for some short time, until the supply of previously excited 
atoms is exhausted. During this period, the current through the arc is 
dropping, and the voltage consequently rising, until finally excitation of 
atoms begins again, whereupon the cycle is repeated. Reactance is not 
essential to the maintenance of the oscillations on this theory. This has 
been confirmed by experiment. 

It has been suggested that the abnormal low voltage arc in helium, 
instead of being due to the causes considered in the authors’ theory, is 
in some way to be explained by an effect of minute, sub-spectroscopic 
traces of mercury vapor present as an impurity in the helium. We have 
performed the following experiment which appears definitely to disprove 
this suggestion. An experimental tube and system of traps were built 
of new G702 P glass. The nickel anode and leads were first suspended 
in an exhausted bulb, protected from mercury vapor by two liquid air 
traps, and given a prolonged heat treatment at a bright red heat by an 
induction furnace. Then, when the experimental tube was constructed, 
it was protected from the first from the introduction of mercury vapor by 
a liquid air trap and ten feet of glass tubing (3’’). After a second heat 
treatment by the induction furnace and thorough baking out of the glass 
parts to about 300° C, liquid air was also added on four additional traps, 
one containing cocoanut charcoal and another gold foil, adjacent to the 
experimental tube. Spectroscopically pure helium was then introduced 
through the trap system, slowly, through a capillary, to avoid carrying 


‘ There is some discussion as to priority in observing these oscillations. (See Mar- 
shall, Astrophys. J 60, 246, 1924 et al.). Oscillations in arcs and discharge tubes have 
been known for some time, and it would indeed be strange if such oscillations had not 
been observed in tubes filled with helium at an early date. The authors make no claim 
to priority on this point. So far as they are aware, however, Bar, v. Laue and Meyer, 
and they themselves, were the first to offer the existence of oscillations as an explanation 
of the abnormal low voltage arc. The theory of oscillations about a critical potential, as 
developed by the present authors, also differs considerably from any previous theory. 
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over traces of mercury vapor. Neither then, nor after standing for several 
days with the liquid air continuously applied, was there any difficulty 
in securing the oscillatory abnormal low voltage arc. We believe, there- 
fore, that any effect which the mercury may have must be a secondary 
effect, probably due to its easy ionization and the effect of its positive 
ions in permitting larger currents from the cathode. 

Our theory fully accounts for one type of abnormal low voltage arc, 
which may be called the oscillatory type. Holst and Osterhuis® have 
found a non-oscillatory type which requires an entirely different explana- 
tion, as will be shown in this paper. They have maintained steady arcs 
in neon at 7.5 v, and in argon at 3.5 v, whereas the lowest critical poten- 
tials for these gases are 16.7 and 11.5 v respectively. They have also 
proposed a rather elaborate theory involving collisions of the second kind 
to explain their results. 

This type of arc had also been found in helium andin mercury vapor by 
the present authors. This type is illustrated in the oscillogram, Fig. 7 of 
our previous paper,’ in which it is seen that the arc persists at about 16 
volts after the oscillations have ceased. Uncertainty regarding the inter- 
pretation of this phenomenon prevented its discussion, pending the 
experiments recorded in the present paper. The following experiments 
with argon, in which gas this type of arc is very pronounced, have shown 
that the potential of the gas very near the cathode is always about 11.5 
volts (the radiating potential) higher than the potential of the cathode. 
As the anode is only 3 to 6 v higher than the cathode, most of the gas is at 
a potential considerably higher than the anode. 


EXPERIMENTAL METHODS 


The arc tube was constructed as shown in Fig. 1. A is a sheet-nickel 
anode; B a movable exploring electrode, details of which are shown in 
Fig. 2. C is the filament cathode, tak'ng 16.5 amp. at 3.0 v. The anode 
was made quite large (4X6 cm) as this seemed favorable for the non- 
oscillatory type of abnormal arc. 

The method of using a cold exploring electrode, recently developed by 
Langmuir,® to determine gas potential, average energy of electrons and 
electron concentration, was used. A brief summary of the theory of this 
method may not be out of place. 


* Holst and Osterhuis, Physica 4, 42 (1924) 
* Langmuir, General Electric Review 26, 731 (1923); 
Langmuir and Mott-Smith, ibid 27, pp. 444-538 (1924) 
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If Vis the potential of the gas a small distance away from the exploring 
electrode, v the potential of the electrode itself, and Vo the average energy 
of the electrons in the gas, three cases may be distinguished: 

1. r<Vand 
2. v<Vand comparable to V5 
3. 

Case I. Electrons are repelled, positive ions are attracted tof the 

electrode. Since the wire emits no electrons, the current is_carried aby 


To Pumps _/ 
AND ARGON 
System 


Fig. 1. The arc tube 


“— To Cwarcoa Tuse 


positive ions only. If currents carried to the wire by electrons are 
designated as positive, this current is —7,. It is limited to a very small 
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Fig. 2. The exploring electrode. 


and nearly constant value by its space charge action. Many of the 
ordinary formulas for currents carried by positive ions between concentric 
cylinders can be applied to phenomena observed in this case, but, for 
reasons not clearly understood, it is impossible to obtain reliable estimates 
of the positive ion concentration in the gas from them. 
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Case II]. As (V—v) approaches Vo, some of the faster electrons are 
able to penetrate the retarding field and reach the electrode. This 
causes an algebraic increase in the current 7 to the electrode. If it is 
assumed that the distribution of velocities among the electrons is Max- 
wellian (an assumption which must be justified for each separate case), 
the following formula for this current can be derived: 

if (1) 
, 


109 (is i,) 


yor \ 


Fig. 3. Current-voltage characteristic of the exploring electrode. 


where N is the number of electrons per cc, a is the area of wire electrode 
and e,m are the charge and mass of electron. If the assumption is 
justified, a straight line graph should result on plotting log (¢+7,) against 
v. Fig. 3 is such a graph constructed from data taken with the tube of 
Fig. 1. 

Case III. When v becomes greater than V, conditions change abruptly. 
Electrons are now attracted and positive ions repelled. The abrupt 
change in the curvature of the graph (Fig. 3, X) determines V accurately 
to a few tenths of a volt. The area of the electrode being known from 
actual measurements of the exposed wire, this value of V enables the 
calculation of N and Vo from Eq. (1) by methods which are obvious. 


log A 
| 
4 
4 
| 
1 


K. T. COMPTON AND CARL ECKART 


RESULTS AND CONCLUSIONS 


The experimental data are summarized in Fig. 4. The curve indicates 
the electron concentration in various parts of the are space. The elec- 
trodes are drawn in diagrammatically beneath. The tables give the 
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Fig. 4. Summary of data. 


values, at the points indicated by the arrows, of V (the potential of the 
gas), Vo (average energy of electrons), and N (concentration of electrons). 
The horizontal groups of data were taken under the same conditions of 
anode voltage (which is given beneath the anode) and of are current 
(which is indicated in the last column). 

It is seen that gas potential,’ electron energies, and electron densities 


’ That such a phenomenon might exist and would explain the low voltage arc, was 
suggested to the authors by Dr. Langmuir. 
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all increase as the distance from the anode toward the cathode increases. 
The voltage increases even behind the cathode, reaching a maximum of 
approximately 11 volts about 3 mm away from the filament. Excitation 
apparently takes place in this region and is produced only by those elec- 
trons that have reached it without inelastic collision. The excited atoms 
may then be ionized in any of the various possible ways. This is borne 
out by the fact that the intensity of radiation is very great in this same 
region. 

The apparent difficulty which arises from the fact that the electron 
current (which is practically the entire arc current) flows against an 
opposing field, disappears on consideration of the concentration gradient 
of electrons which is shown by the graph. It is obvious from general 
considerations based on ionic and electronic mobilities, that this concen- 
tration gradient is the equivalent of an electromotive force. J. J. Thom- 
son has called attention® to this force which is given by 


_ 6 
KT 
where E is the potential difference set up between two regions of ion con- 
centrations N,; and Ne, w- and p+ are the mobilities of electrons and posi- 
tive ions and (3/2)KT is the average kinetic energy of the ions. (It is 
assumed that this is the same for electrons and positive ions. If this is 
not true, the equation is more complicated, but the underlying features 
are similar.) 

Usually this force has been considered as negligible in comparison with 
that due to the applied electric field. Under suitable conditions, however, 
it may become of primary importance. The favorable conditions are a 
long free-path for the electrons and a high concentration gradient. The 
first of these conditions is realized to an unusual degree in argon and prob- 
ably accounts in the case of this gas for the persistance of the non-oscilla- 
tory low voltage arc and the unusually large reverse field in the gas. In 
helium the authors have observed it only occasionally, and in mercury 
vapor it is also less clearly defined than in argon. In these gases the 
maximum observed reverse field was three or four volts. Measurements 
in mercury showed concentration gradients similar to those reported 
here for argon. 

The high concentration gradient of electrons is probably built up 
during a transient period of oscillations when the arc is started. While 
no definite experiments have been performed to confirm this, the following 
observations suggest a connection between the two. 


* J. J. Thomson, Conduction of Electricity through Gases, p. 85 (1906) 
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If a Braun tube is connected so as to indicate the voltage across the are 
and the series resistance gradually decreased, the luminous spot passes 
through the successive stages of Fig. 5. 

Stages 1 and 2 correspond to the normal low-voltage arc, where 
the ionization occurs by cumulative action. Stages 3 to 6 correspond to 
the oscillatory abnormal arc, with positive potential gradient at all times 
and parts of the discharge. In stages 7 to 9, the are is obviously in a 
transition state, where the negative gradient is present during certain 
parts of the cycle at least. It is not yet stabilized, however, so that the 
oscillations persist. Stages 10 to 13 represent the non-oscillatory state 
in which the negative gradient has become stable. 


Vi 


18 


Vp 


Fig. 5. Successive stages of the are indicated by the Braun tube oscillograph. 


The conditions for stability of the negative gradient have not yet been 
thoroughly investigated. 

The authors wish to thank Dr. Irving Langmuir for suggesting this 
research, and the Edison Lamp Works of the General Electric Company 
for their generous support of a fellowship enabling its prosecution. 
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DETERMINATION OF ELEMENTARY CHARGE E FROM 
MEASUREMENTS OF SHOT-EFFECT. 
By A. W. N. H. WiLLiAMs 
ABSTRACT 


Probability fluctuations in thermionic emission (shot effect).—Schottky 
first pointed out that if the electrons evaporate independently of each other, 
probability fluctuations of current are to be expected. These fluctuations were 
observed and roughly measured by Hartmann. Measurements have now been 
made, using a much higher frequency (750X10*) and a reliable arrangement 
for measuring the small r.m.s. voltages (of order 10~*) due to the effect. The 
method involves the measurement of the alternating current excited in a tuned 
circuit by the probability variations in the electron current through a vacuum 
tube (radiotron, UV 199), the Schottky equation for the mean square current 
being J?=ioe/2RC where io is the thermionic current, R and C the resistance 
and capacity of the tuned circuit and e the electronic charge. To measure the 
current, it is amplified by a known amount (using a special 4 stage amplifier) 
and is rectified so that its r.m.s. value may be determined with a d.c. meter. It 
is important that the rectifier be used only in the range in which it gives a 
current proportional to the square of the impressed voltage. The tuned circuit 
picks out a narrow band of frequencies present in the fluctuations, and since 
the amplification is not the same for frequencies slightly different from the 
resonance frequency, correction. is made for this by a factor F, for which a 
mathematical expression is derived and values are obtained by integration 
or summation. Calibration of the amplifier is avoided by substituting, after 
each reading of the amplified and rectified shot-current, a measured pure sine 
voltage across the terminals of the tuned circuit, which is adjusted to give the 
same rectified current as the effect. Calling this v,, the actual mean square 
shot voltage %?=v,?/F and, J?=(Cv,?/LF, where L is the inductance of tuned 
circuit. It was found that with currents limited by space charge, the observed 
effect might be only 20 per cent of the theoretical; but with currents limited 
only by temperature, the agreement was within one per cent. The effect may 
therefore be used to study the effect of space charge on electronic evaporation. 

Determination of elementary charge e, by the shot effect.—Using tem- 
perature limited thermionic current, values of e were obtained which lie within 
two per cent of the mean, and this mean, 4.76 X 107 e.s.u., agrees closely with 
Millikan’s value. The precision of these measurements can be greatly increased, 
so as perhaps to exceed that of the oil-drop measurements. 

Study of secondary electronic current from an electrode by means of the 
shot effect.—Using a special tube with an extra grid, conditions were adjusted 
so that the primary and secondary currents balanced, yet a shot voltage of 
79 X10~¢ volt was observed. This is exactly the value to be expected if both 
primary and secondary currents gave a full effect independently of each other, 
as would be the case if secondary electron emission is due, not to reflection 
or splashing, but to excitation and subsequent evaporation. This effect 
promises to furnish a powerful instrument for the study of such electronic 
phenomena. 
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Measurement of microvoltages of radio frequency.—A method was de- 
veloped which enables a voltage of 2010-* to be measured within one per 
cent, and which is capable of extension to much smaller voltages. 


1. INTRODUCTION 


N two noteworthy papers! W. Schottky has predicted the effects which 

are to be expected in vacuum tube circuits from probability fluctua- 
tions in thermionic emission, and has shown that the magnitude of these 
effects depends on the charge e carried by a single electron. These 
fluctuations, which may best be pictured as shock-excitation of the circuit 
by the impacts of individual electrons, were designated by Schottky as 
“schrot- (shot) effect.’”’ He was bold enough to suggest that, with the 
aid of modern amplifiers, these fluctuations might be measured and used 
for the determination of e. 

Such measurements were undertaken by C. A. Hartmann,? who suc- 
ceeded without difficulty in demonstrating the fluctuations, and obtained 
values of e of the right order of magnitude, though varying, in different 
tests, from about .07 to 3 times the correct value.’ 

The measurements here reported were undertaken for the purpose of 
determining what fraction of the noise in modern radio receivers is due 
to this cause. The results, as regards amplifiers, point to the shot-effect 
as the only internal source of noise in well-made radio-frequency ampli- 
fiers. As regards e, the measurements constitute a beautiful verification 
of Schottky’s theory, and the method appears capable of great accuracy, 
fully comparable with, and perhaps surpassing, that of the oil-drop 
method. 


2. OUTLINE OF EXPERIMENTAL PROCEDURE 


The circuit arrangements are shown in Figs. 1 and 2. The problem 
is to measure the alternating current excited in the tuned circuit L, C, 
R (Fig. 1) by the spontaneous variations in the electron current through 
the vacuum tube V7. From the value of this current e can be calculated. 

The procedure is to amplify this alternating current by a known 
amount, rectify it, and measure it with a direct current meter. The 
meter must register the root mean square value of the current, since this 
is the only value that has any meaning. Fortunately, ordinary detectors 
give a rectified current proportional to the square of the impressed voltage 


1 W. Schottky, Ann. der Phys. 57, 541-67 (1918); 68, 157-76 (1922) 

*C. A. Hartmann, Ann. der Phys. 65, 51-78 (1921); Phys. Zeits. 23, 436 (1922) 

* After approximate corrections by R. Fiirth for telephone and physiological dis- 
tortion (Phys. Zeits 23, 354, 1922), the divergence of these values is reduced to approx- 
imately + 50 percent. 
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(for small voltages), and an ordinary ammeter reads the average of this 
current. Hence the ammeter in the plate circuit of the detector gives 
the mean square amplified voltage, and from this the mean square voltage 


Fig. 1. Outline of experimental conditions for measuring shot-effect. 


at the terminals of the tuned circuit L, C, R, can be calculated, and so 
the mean square current in this circuit, when the degree of amplification 
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Fig. 2. Complete arrangement of apparatus for measuring shot-effect. 


Finally, from the value thus obtained of the mean square current J? in 
the circuit L, C, R, due to a given thermionic current i, the value of e¢ 
can be calculated at once by Schottky’s Equation 


e=2RCJ*/io . (1) 
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The amplification is measured, for any given frequency, by impressing 
a small measured voltage from a tube generator upon the amplifier, and 
observing the reading of the output d.c. meter. It was found that the 
transmission band of the amplifier was so narrow, and the range of fre- 
quency of the complex current excited in the tuned circuit L, C, R, by 
the shot-effect so wide, that the different component frequencies of this 
current were amplified to very different degrees, some of them scarcely 
at all. It was necessary, therefore, after widening the transmission band 
of the amplifier as much as possible, to measure the amplification through- 
out this band, calculate the frequency spectrum of the shot-effect, and 
multiply the calculated energy of each component frequency by the 
amplification factor for that frequency. 

These experiments were carried out at a frequency of approximately 
750 kilocycles (400 meters). External disturbances were avoided by 
working in a closed cage of galvanized iron wire netting, which proved 
to be an excellent screen, and by housing the sensitive parts of the 
apparatus in copper boxes. Internal disturbances, such as arise from 
residual gas or mechanical shock in the tubes, were entirely absent, so 
that the tests could be made upon standard tubes of any type. 


I. THEORY 


3. Outline. After Schottky’s original derivation of the shot equation 
(1), simpler derivations, by very different methods, were given by Fiirth* 
and by Ornstein and Burger.’ Neither of these simple derivations, how- 
ever, seems capable of giving the energy distribution in the frequency 
spectrum, which is required for the present experiments. Schottky’s 
derivation, on the other hand, leads directly to this distribution, although 
Schottky has not carried the analysis that far. 

The method of calculating this distribution, although simple, is not 
Obvious. It seems desirable, therefore, to outline enough of Schottky’s 
derivation to make our procedure intelligible; especially since Schottky’s 
original derivation was amended in his subsequent papers, and is not 
available in complete, correct form. 

Schottky’s procedure is as follows: 

Mean square current variation. Consider a hot filament containing a 
large number of electrons, each of which has the same probability of 
escaping into vacuum. Let the average number # escaping per unit time 
be small enough so that the escape of one does not affect the probability 


*R. Firth, Phys. Zeits. 23, 354 (1922) 
*L.S. Ornstein and H. C. Burger, Ann. der Phys. 70, 622 (1923) 
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of escape of any other. The average number # represents the average 
over a long period of time and is a measure of the thermionic current as 
read by a d.c. meter. 

The actual number m,, escaping in successive single intervals At will 
not, in general, be #At, but will show random positive and negative 
deviations, whose algebraic average is zero but whose mean square value 
is given by the well-known probability theorem 


(mar— = (2) 
Multiplying both sides of this equation by (e/At)? one obtains 


r.m.S. (3) 


The left-hand side of Eq. (3) represents the root-mean-square value of 
the variations of the average thermionic current during short periods At, 
that is, of the deviations of the short period average from the long time 
average io. It differs from r.m.s. currents used in engineering in only one 
respect, viz., that the quantity whose mean square is taken is not the 
instantaneous current, but the average current over a short period. 

The right-hand side of Eq. (3) shows that this variable part of the 
thermionic current 7 is proportional to the square root of the charge e of 
a single electron. It would be 1.4 times as great if the evaporating unit 
were a doubly-charged ion, and would be zero, that is, there would be no 
fluctuations, if electricity were an infinitely fine-grained fluid. Hence 
the existence of shot-fluctuations is a necessary consequence of the finite- 
ness of charge of the electron. This conclusion is independent of all 
assumptions except that the evaporation is a random process, governed 
by probability. 


4. EFFrect OF CURRENT-VARIATIONS ON A TUNED CIRCUIT 


Equation (3) is not suitable for measurements, since the current 7, 
depends on the length of the interval At which is used to define the 
“short time average.” It might seem at first sight that a true instan- 
taneous value of 7 could be defined as the limit of this short time average 
as the time At approaches zero; that is, limit (At =0)[eV (m,,—AAt)?/Ad). 
But in approaching this limit one would soon come to intervals containing 
single electrons, and the theory of probability would obviously cease to 


apply long before this, viz., as soon as ms, ceased to be a very large num- 
ber. 
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The difficulty disappears, as Schottky has shown, when one considers 
the effect of these current variations upon a tuned circuit (Fig. 1), since 
the period Af can then be identified successively with the periods of each 
of the Fourier components of the current variations. Each Fourier 
component is a pure sine wave, whose effect on the tuned circuit can be 
calculated by routine methods; and the sum of the energies of these 
partial oscillations gives the total energy of oscillation of the circuit. 

The Fourier representation of the thermionic current 7 during any long 
period may be written 

i= Cx sin 
k=0 

The term of zero frequency (k=0) represents the constant part 1 
(registered by the d.c. meter), whose effect upon both the tuned circuit 
and the amplifier is nil. 

Each of the other components 


sin (wit (4) 
will cause (a) a transient current in the tuned circuit, of frequency 


1/(2xV LC), whose effect is negligible because 7, represents a long train 
(of length 7 sec.) of pure sine waves; and (b) a forced oscillation 


1 
=C, Va sin (wat 


1 
=C, / sin 


where wo = V1/LC =natural frequency of the circuit; 
r= R/Lw=power factor of circuit; 
x= w/ wo; 
R=equivalent series resistance of the circuit, including losses in 
condenser and tube. 
The mean square value of each current component J; is_ 
1/[(1 ; and its energy W,=LJ,?. 
The total energy of the circuit is the sum of these components 


1 
=L> C;? ( ) . 


k=0 


5. MEAN SQUARE AMPLIFIED VOLTAGE 


At this point we shall depart slightly from Schottky’s procedure, in 
order to introduce into the calculation the different amplifications of the 
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component frequencies. Instead of calculating the energy as Schottky 
did, we shall calculate directly the quantity that is to be measured, which 
is the mean square voltage at the terminals of the condenser C. This is 
proportional to the energy and hence follows the same additive law, viz., 
the total mean square voltage equals the sum of the component mean 
square voltages. 

The mean square voltage of a single component is 


The alternating voltage v, is impressed directly upon the grid of the 
first tube of the amplifier (Fig. 2). Let the square of the voltage 
amplification for sine waves of frequency w; be represented by 


(x=wx/wo) . 


Ao represents the maximum amplification, which is obtained at fre- 
quency wo, and f(x), which varies from 0 to 1, represents the relative 
amplification for frequencies other than wo (cf. Figs. 4 and 5). 

The mean square voltage after amplification due to any component k 
will then be 

x?f(x) 


and the total mean square amplified voltage will be 


6. EVALUATION OF FourRIER COEFFICIENTS 


In order to find the value of C,?, Schottky proceeds as follows. The 
individual Fourier coefficients C,, which may vary greatly from term to 
term, are not specified by the laws of probability, but only their means 
over periods containing many individual values. It is these mean 
values however, over finite periods At, which are required. Eq. (8) 
requires the sum of products of C,? times a function F(x). If the fun- 
damental period T is taken large enough, an interval At large enough to 
satisfy Eq. (2) (upon which Eq. 8 depends) will correspond to a negligi- 
ble change Ax in x, and hence a negligible change in F(x). Hence each 
value of F(x) in Eq. (8) may be multiplied by the mean square value of 
C, over the period At, and this value may be obtained, in accordance 
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with probability, by application of Eq. (2). Schottky* has shown that 
this mean square value Ci? is the same for all frequencies w, which are 
near enough to the natural frequency w» of the tuned circuit to have any 
appreciable effect upon it, and that this value is given by the equation 


=4ige/T . (9) 


where 7 is the fundamental period of the Fourier series. Also, if the 
number of components k is very large (7 very large), 


Wk 1 2rk 2n 
wo Wo woT woT 


Substituting these values of Ci? and of dx in Eq. (8), we obtain 
x7f(x)dx 


. 


(10) 


If all frequencies w, for which the amplitude is appreciable were 
amplified to the same degree so that f(x) =1, Eq. (10) would reduce to 
Schottky’s equation. The value of the integral’ is then the same as 
calculated by Johnson’ and Schottky,’ viz.,7/2r. Eq. (10) then becomes, 
after substituting r=R/Lwo, and w?=1/LC, 


E2 =A Lein/2C2R. (11) 


This is the equation used by Hartmann. It was subsequently derived 
in a different and much simpler manner by Fiirth.?® 


* Schottky, Ann. der Phys. 57, 556-9, 1918; 68, 159-60, 1922. In the first derivation 
a factor 2 is omitted, which is corrected in the second reference. 

7 The quantity under the integral sign differs from that calculated by Johnson and 
Schottky by the factor x*, which, however, does not change the value of the definite 
integral, as Schottky has pointed out (Ann. der Phys. 68, 169, footnote). 

§ J. B. Johnson, Ann. der Phys. 67, 154-6 (1922) 

*W. Schottky, Ann. der Phys. 68, 157-8 (1922). Schottky’s original value of this 
integral (Ann. der Phys. 57, 560) was wrong. The correct value was first given by 
Johnson’ and later a very elegant solution, due to F. Schottky, was given by W. Schottky 
857). 

10 R. Firth, Phys. Zeits. 23, 354 (1922). Fiirth adds up the transient oscillations of 
frequency wo caused by the impact of individual electrons, with due regard for damping 
and phase. He thus obtains a sine wave oscillation of frequency wo (natural frequency 
of the circuit) of variable amplitude, whereas Schottky’s method gives a series of sine 
waves, each of constant amplitude, of frequencies we different from wo. The two results 
are identical, since a modulated sine wave is equivalent, both mathematically and 
physically, to a constant “‘carrier wave"’ plus a series of “‘side bands,” each of constant 
amplitude (cf. papers by Colpitts and Blackwell, A.I.E.E. Proc. 38, 360, 1919; and 
R. V. Hartley, I.R.E. Proc. 11, 34, 1923.) There is also no inconsistency in the methods 
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7. AMPLIFICATION FACTOR 


In the present experiments, preliminary calculations showed that the 
range of effective frequencies w, was comparable with, and in some 
cases much wider than, the transmission band of the amplifier; that is, 
the relative amplification f(x) was considerably different for the different 
component frequencies of the shot voltage (cf. Fig. 6). The value of the 
integral in Eq. (10) will therefore be less than /2r (since 0< f(x) <1). 
The ratio of the actual value of this integral to its maximum value 1/2r 
will be called the amplification factor F. 


x? f(x)dx 
(1 — x*)?+r?x? (12) 


In place of Eq. (11) we shall then have, for the mean square amplified 
voltage due to a thermionic current 1, 


(Ao? Leio/2C?R) . (13) 


In order to determine F it is necessary to evaluate the integral in 
Eq. (12). One observes, first, that only a small range of values of x in the 
neighborhood of x =1 contribute appreciably to the value of the integral. 
This is true of the total shot integral, Eq. (10) (see curve I, Fig. 6);" 
and still more so when each ordinate is multiplied by the relative ampli- 
fication f(x) (curve III, Fig. 6). Hence, with sufficient approximation 


co x*f(x)dx ite x2f(x)dx 


This limited integral may be simplified, by the method used by Schottky® 
(due to F. Schottky) for evaluating the complete shot-integral, as follows: 
(1) Add to the given integral another integral 


ite f(x)dx 


of treatment, one of which considers only transient oscillations, and the other only 
forced oscillations. 

Fiirth’s derivation gives the mean square voltage very simply. In the present ex- 
periments, however, the relative intensity of the different component frequencies is also 
required, since they are amplified by different amounts. This is not given by Fiirth’s 
method, but can easily be obtained, as shown below, by the Fourier analysis which 
Schottky has used. 

“ The degree of approximation can be determined by comparing the area under 
this curve, between any given values of x, with r/2r. In the experiments here reported 
the approximation was always sufficient with the x limits required by the methods of 
evaluation of the integral. 
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formed by substituting a new variable s=1/x in the original integral, 
expressing the new limits in terms of s, and finally writing x for zs. The 
limits of the new integral will be the same as for the original one provided 
a?< <1, since 1/(1—a) =1+ a; and the value of f(x) will also be the same 
for each value of the variable, viz. =f(1— 4), on 
account of the symmetry of the function f(x) with respect to x =1 (curve 
II, Fig. 6). The value of the original integral will therefore be correctly 
represented by half the sum of the two, 
Ite x*f(x)dx ite (1+ 2°)f(x)dx 


(2) Introduce a new variable, y=(1/r)(x—1/x). The integrand 
becomes dy/{2r(1+y*)], and the new limits —2a/r and +2a/r respec- 
tively. The amplification factor then takes the simple form (cf. Eq. 12) 


1 
14 
F —f i458 (14) 


—2a/r 
where $(y) =f(x) =relative energy amplification. 

By means of Eq. (i4) the amplification factor F may be obtained very 
simply, either by graphical integration, by multiplying each ordinate of 
the experimentally determined curve ¢(y) by [1/(1+,?)] and measuring 
the area under the resulting curve (curve III, Fig. 4); or as a summation 

y*) 


2a/r 


=(1/r) ¢(y)S(are tan y) 
—2a/y, 


(15) 


2Qa/r 
=(2/m) ¢(yn) (arc tan y,—arc tan 
0 


The steps y, =2n6x/r were taken at intervals 6x=1/400. Ten such 
steps were found sufficient in all cases, so that a?=(néx);,,= 1/1600. 
This is sufficiently negligible compared with 1 to justify the approxima- 
tion used in transforming the integral. This latter method was the one 
actually used for most of the computations. 

When F has been determined in this way, and E? measured as described 
in the next section, Eq. (13) may be used for calculating the charge of 
the electron, or, substituting for E* its equivalent E?=A *v;* (see sec- 
tion 9), 

(16) 
where L, C, R=inductance, capacity and resistance of tuned circuit; 
#,=thermionic current; F=amplification factor, defined by Eqs. (12) 


| 
a 
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and (15);,; =sine wave of frequency wo which produces the same detected 
current as the shot-effect of the thermionic emission (see section 9). 


II. MertHops or MEASUREMENT 
8. MEASUREMENT oF E? 


Hartmann measured the mean square voltage of the shot disturbance 
by comparing it with a pure sine wave which, after the same amplifica- 
tion, gave an equal audible sensation. Fiirth* has justly criticized this 
method, on the ground that the response of the ear is proportional, not 
to the square of the sound amplitude, but to its logarithm. 

Very fortunately, the vacuum tube detector as it is used in radio 
reception has exactly the characteristic required; that is, the rectified 
current is proportional, within proper limits, to the square of the alternat- 
ing voltage impressed upon the grid. The conditions under which this 
“square law” holds can be found by direct calibration under operating 
conditions. Theoretically any detector that utilizes the curvature of a 
volt-ampere characteristic should give a sufficiently close approximation 
to square detection over a small range. Using grid-current curvature, 
we found that this range was generally less than 1/10 of a volt. This is 
too small a range for convenient accurate measurement of the change in 
plate current. The deviation from the voltage-square law was found, 
however, to be sometimes positive and sometimes negative, that is, the 
detected current was proportional to a higher or lower power than the 
square, according to the value of grid resistance and bias potential. By 
successive trials values of these variables were eventually found which 
gave a detected current proportional to the square of the impressed 
voltage, within the limits of accuracy of our measurements, over a range 
of 1.5 r.m.s. impressed volts.!2 These values, which apply only to the 
particular tube and plate voltage used, were 93,000 ohms grid resistance, 
connected to a bias potential of +5.0 volts with respect to the negative 
end of the filament. 


2 Observation of these limits of square detection is very important. Values of e 
as smal! as 1/50 the correct value were obtained in preliminary experiments, where the 
amplification was much too great and hence the signals impressed upon the grid of 
the detector tube too strong. The error was due to the fact that the occasional very 
strong peaks in the variable shot voltage, which contain a large part of the energy, go 
far beyond the saturation limit of the detector, and produce no greater individual recti- 
fied currents than much weaker peaks; while on account of their intermittent character 
their integrated effect is equalled by that of continuous waves only 1/50 as strong. 
Errors of the order of 2 fold may be produced with signals which do not run into the 
saturation range but do go beyond the square range into that of linear detection. In 
this case the rectified current is proportional to the square of the voltage for weak com- 
ponents, but to only the first power for strong ones. 
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The change in plate current was measured by a null potentiometer 
method, as indicated in Fig. 2, using the galvanometer only for detecting 


zero current. 
9. CALIBRATION OF AMPLIFIER AND DETECTOR 


Measurements of E? (Eq. 13) requires, in addition to the certainty 
that the detector current is proportional to the square of the voltage, a 
knowledge of the constant of proportionality, the ‘‘coefficient of detec- 
tion.”” Eq. (13) also contains, as an unknown, the amplification con- 
stant A, of the amplifier. Both of these factors were determined simul- 
taneously by impressing upon the grid of the first amplifier tube, 
immediately after each shot reading, a measured sine voltage of fre- 
quency w» which gave the same detected current as the shot voltage 
had given; that is, which gave zero deflection of the galvanometer with 
the potentiometer setting unchanged. These readings could be made in 
close sequence (5 to 10 sec.) so that changes in battery voltage caused no 
annoyance. If v is the value of this comparison voltage which is im- 
pressed upon the amplifier, its value after amplification will be A ov, and 
the square of this must be equal to the mean square amplified shot 
voltage E,” since both produce the same detected current. 

Eq. (13) then becomes 

/2C?R 
whence e=2C*Rv,?/ioLF (16) 


10. MEASUREMENT OF 70, L AND C 


Equation (16) is suitable for calculation of e, since all the quantities 
on the right hand side are directly measurable. The method of determin- 
ing F has already been described. The thermionic current 7, whose 
value ranged from 1/4 to 20 milliamperes, was measured with a calibrated 
d.c. milliameter. Z and C were measured in position by comparison with 
Bureau of Standards standards. For this purpose the coil, condenser and 
vacuum tube were rigidly mounted in a large copper box, with connections 
complete, and this box was carried to our standards laboratory for cali- 
bration. Uncertainties due to distributed capacity were minimized by 
using a coil of small wire (.020 inch diam.) with 1/4 inch spacing between 
wires and with small total inductance (80 microhenries), and a corre- 
spondingly large value of condenser capacity (61010-" farads). 

13 Hartmann (Ann. der Phys. 65, p. 58) observed what he considered an additional 
tube capacity, dependent upon electron emission, which was approximately proportional 


to the emission, and reached the enormous value of 180 micro-microfarads for an emission 
of 20 milliamperes. We found no evidence of capacities of this magnitude, which would 
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The quantities R and v,? required special methods of measurement, 
which merit brief discussion. 


11. MEASUREMENT OF RESISTANCE 


The effective series resistance of the input circuit, including vacuum 
tube, condenser, and connections, was measured in the usual way by 
inserting an additional known resistance. Instead of observing the ratio 
of deflections, we observed the ratio of impressed e.m.f. required to pro- 
duce the same voltage across the tuned circuit, with and without the 
added resistance respectively. This voltage was measured by the first 
tube of the amplifier acting as a tube voltmeter. The circuit arrange- 
ments were such that this measurement could be made immediately 
before and after each shot reading, without changing any internal connec- 
tions or opening the box, so that the resistance measured was that which 
was actually effective in the shot determinations. The measurement in 
situ was made possible by the fact that the amplifier had capacity coupling 
between tubes (see Fig. 2) so that any tube could act as a detector. 
The plate-circuit of each tube was provided with a jack (J,;—J;, Fig. 2) 
normally short-circuited, but capable of being opened by insertion of the 
plug P, which was connected through the filter“ F to the potentiometer. 
For the resistance measurements, the plug P was inserted in the plate 
circuit of the first tube, and the voltage impressed upon the grid of this 
tube, with and without the added resistance respectively, was measured 
with the same instruments and by the same null method as the shot 
voltage. The input voltage was aiso measured with the same thermo- 
couple as the shot calibration voltage vo (see next section) but with a 
larger inductor (viz. a magnetically coupled coil of one turn) than that 
described in the next section, since an input e.m.f. 1000 times greater 
was required. The throw over from the measurement of shot voltage 
to the measurement of resistance required, therefore, but two changes, 
(1) to plug into the first stage instead of the fourth stage of the amplifier, 
and (2) to switch from the shot inductor to the resistance inductor. 


have required a change of 30 percent in the tuning of the condenser C, in our resistance 
measurements, with tube hot and tube cold respectively (see next section). The actual 
retuning required was too small to measure, but was of the order of 1/10 micro-micro- 
farad, which is the amount to be expected from the change of natural frequency of the 
circuit due to increased resistance. 

4 The filter F was built into a small box rigidly connected to the plug P. This box 
fitted tightly against the amplifier box and was grounded to it when P was in position. 
Hence P could be plugged into any stage without danger of feed-back due to high fre- 
quency current in the output lead-wires or ground-wire. 
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Hence these measurements could be made in close sequence, and changes 
in the tube resistance avoided. 


12. Merrnop or MEASURING SMALL CALIBRATING VOLTAGE 0; 


The effective r.m.s. shot-voltage varied from 5 to 150 micro-volts in 
these tests. Accurately measured sine voltages of this magnitude at 750 
kilocycles have never been used, and a reliable method had to be developed. 
We believe that the method finally adopted is perfectly reliable, and 
capable of application to still smaller voltages and higher frequencies. 

Preliminary measurements, as well as calculations, showed that a 
resistance-potentiometer is out of the question for these small voltages, 
on account of the inductive drop in the wire.” Better and apparently 
reliable results were obtained by using magnetic coupling between two 


Input 
emf 


Fig. 3. Arrangement for producing small high-frequency e.m.f. for calibration. 
The inductance per unit length of the wire can be calculated, and hence the e.m.f. due 


toa measured current through it. 


widely separated single-layer coils, one carrying a measurable current, 
and the other being in series with the test circuit.6 The mutual induc- 
tance of such a pair of coils can be calculated with considerable accuracy. 
The necessity for careful screening of the coils, however, and the poss- 
ibility of change of inductance due to the presence of the screening con- 
ductors, led us to abandon this method. 

The method finally adopted utilized the inductive drop in a short 
section of a long straight copper wire, surrounded by a concentric return 
conductor (Fig. 3). The inductance per unit length of such a wire 


(assumed infinitely long) is!” 
L=2 log,(R/r). (17) 


18 In order to reduce the inductive drop to 1 percent of the resistance drop, it would 
be necessary to work with wires of the order of 1/10 mm in length. 

16 We are indebted to Mr. H. B. Marvin, of the General Engineering Laboratory of 
the General Electric Co., for suggesting this method, and for the calculated values of 


mutual inductance. 
‘7 Rosa and Graver, Bull. Bur. Stds. 8, 159, 1912. 
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r and R are, respectively, the outer radius of the wire and the inner 
radius of the cylinder, and L is in c.g.s. electromagnetic units. In prac- 
tical units, 
L =.00460 logio(R/r) microhenries/cm. 

In our experiments, the diameters of wire and cylinder (brass tube) were 
.25 inch and 1.5 inches respectively, so that R/r=6. Fine copper wires 
soldered to the rod at accurate distances of 3, 6, 9, 12 and 15 cm from the 
end, were brought out at right angles to the rod through small holes in 
the tube. In the first experiments the potential difference between pairs 
of these wires was impressed upon the amplifier. This has the disad- 
vantage of a large ground-capacity error. It was later proved, both 
theoretically and experimentally, that the magnetic field is uniform up 
to the very end of the cylinder," so that the inner surface of the end disk, 
carefully sweated into the tube so as to make contact at its inner edge, 
could be considered as the point of zero e.m.f., and the end of the cylinder 
used as one terminal. The closed end of the cylinder was therefore pressed 
directly against the amplifier box and grounded to it, and no further 
trouble was experienced with ground capacity or inductive drop in 
grounding wires. 

This arrangement enabled us to measure voltages down to 20 micro- 
volts, at a frequency of 750 kilocycles, with 1 per cent accuracy, and 5 
microvolts with 5 per cent accuracy, using a thermocouple with 700 ohm 
heater and a portable Leeds and Northrup galvanometer. Voltages 10 
times smaller could be measured with the same accuracy by making the 
radii R and r more nearly equal; and a further 10 fold reduction can be 
accomplished, at the sacrifice of convenience, by using a high-sensitivity 
galvanometer, or by replacing the thermocouple by a crystal detector. 


13. THE AMPLIFIER 


The amplifier (Fig. 2) was of a special type, which will be fully des- 
cribed elsewhere.’® Only its external characteristics need be mentioned 
here. It consisted of 4 special pliotrons, constructed so as to be free 
from internal capacity feedback and thoroughly screened externally, in 
cascade arrangement as shown in Fig. 2. The individual tubes amplified 
from 40 to 45 fold under the given circuit conditions. Three tubes in 


‘* This is nearly obvious from symmetry. It is proved formally as follows. Let P 
be any point between the cylinders (Fig. 3) at distance r from the axis. Let H be the 
field intensity at P. To find H, carry a unit pole around the axis in a circle of radius ¢ 
I being constant, by symmetry). The work done, viz., 2*rH must equal 4x1, hence 
H=2i/r. This holds for all points, both near to and far from the end. 

‘'® Hull and Williams, Abstract in Phys. Rev. 23, 299 (1924). The full paper will 


appear soon. 
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series, the fourth being used as detector, gave a voltage amplification 
of 73,000. This is the product of the individual amplifications, viz. (42), 
within the limits of our knowledge of the individual tube characteristics, 
and checks other evidence that regenerative effects were absent. 

It was found that this degree of amplification was too great for most 
of the measurements, causing the amplified shot disturbances to exceed 
the range of square detection of the detector tube. For the final measure- 
ments of e it was decreased and the selectivity band widened (which 
simplified the calculation of F) by inserting a 93,000 ohm resistance in 
multiple with each tuned plate circuit. 


III. EXPERIMENTAL RESULTS 


14. AMPLIFICATION FACTOR 


The transmission characteristics of the amplifier are shown in Figs. 4 
and 5. Fig. 4 represents the normal characteristic, with a voltage amplifi- 
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\ Fig. 4. Normal selectivity curve of the amplifier. The voltage amplification at the 
center of the band is 73000 fold. 

cation of 73,000 fold at the middle of the band. This degree of amplifica- 
tion could be used only for those tests in which the emission was limited 
by space-charge, where space-charge and high effective circuit resistance 
both conspired to reduce the shot-effect (see section 17). When the 
emission was limited by temperature, the shot-effect was large, and for 
those measurements the amplification had to be decreased as stated 
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above. The selectivity curve corresponding to this decreased amplifi- 
cation is shown in Fig. 5. 

These curves represent the square of the actual voltage amplification, 
in the respective tests, of each component wave-length of the shot distur- 
bance. Their ordinates represent the function from which the amplifica- 


~ 
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Fig. 5. Selectivity curve of amplifier with 93000 ohms in multiple with each tuned 
plate circuit. 


tion factor F is calculated, as described in section 7. An example of 
graphical calculation of this factor, for an effective circuit resistance R= 
3.60 ohms, is shown in Fig. 6. Table I gives another example, for R = 2.98 
ohms, performed as a summation, in the manner described in section 7. 


TABLE I 


Example of calculation of amplification factor F. 
R=2.98 ohms; L =80X10~* henries; wo =4.55 10° 


tan~'yn é(tan~'y) ¢(y) ¢(y) dtan—y) 
(from Fig. 5) 


— 


estimate of remainder 
sum = F=.788 


2 
me 
Suu 
: 
4 
3 0 0 0 — 
. 0024 .59 . 339 . 339 1.00 .339 
. 0048 1.18 .552 .213 .965 . 206 
. 0072 .672 .120 895 .108 
.0120 2.95 - .792 . 048 693 .0333 
3.54 825 . 033 . 566 .0189 
.0169 4.13 . 848 . 023 .439 .0101 ; 
. 0193 4.72 . 867 .019 341 . 0066 
.0217 5.31 . 880 .013 .272 . 0036 
| .0241 5.90 . 892 .012 . 230 .0027 
.0265 6.49 .903 .190 .0021 F 
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A separate value of F is required for each test, since the value of R is 
different ineach. Over a limited range of values of R, however, the values 
of F differed so little and were so nearly a linear function of R that 
intermediate values could be obtained with sufficient accuracy by inter- 
polation. This may be seen from Fig. 7 in which are plotted four deter- 
minations of F covering the range of values of R used in the series of 
measurements of Table II. 
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Fig. 6. Example of graphical determination of amplification factor F. Curve I 
is the selectivity curve shown in figure 5, plotted against y=(1/r)(x—1/x), where 
r=R/wol, and x=w/wo. Curve II represents the relative intensity of the different 
component oscillations produced by the shot-effect. Curve III is the product of curves 
Tand II. Its area, divided by =, is the amplification factor F. 


15. EXPERIMENTAL PROCEDURE 


The inductance and capacity of the tuned circuit (L, C, Fig. 2) in which 
the shot-oscillations were to be excited, were first measured at the fre- 
quency which was to be used. The amplifier was carefully tuned to this 
frequency, and its relative amplification for different nearby frequencies 
measured (Figs. 4 and 5). The electron emission 7» of the tube that was 
to produce the shot-effect (V.7., Fig. 1) was then adjusted to the desired 
value, and the resulting amplified shot-disturbance measured by the 
potentiometer (Fig. 2) in the detector circuit. The amplifier was then 
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disconnected from the shot-tube and connected to the calibrating in- 
ductor, and the current in the inductor wire quickly adjusted to give 
the same reading of -the potentiometer as the shot-disturbance. The 
value y of this inductor current was recorded, and also the length / of 
inductor wire used. From this length / the inductance of the wire was 
calculated, and from the inductance, the current y and the frequency 
w, the calibrating voltage v; impressed upon the amplifier was determined. 
Finally, the equivalert resistance R of the tuned circuit was measured 
with the shot-tube and amplifier connected exactly as in the test just 
made. This was done by inserting an added known resistance in this 
circuit and observing the ratio of impressed e.m.fs., with and without the 
added resistance, which gave the same current in the plate circuit of the 
first tube of the amplifier (acting as detector). The amplification factor 
F for each value of R was obtained in the manner already described (sec- 
tion 7). From these data the charge e of an electron can be calculated 
by Eq. (16).2¢ 
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Fig. 7. Amplification factor F as a function of effective resistance of tuned circuit. 


The relation between 2; and the true shot-effect voltage V 9,2 is 1:2= 
01°F, The quantity x? is the actual mean square voltage produced in the 
tuned circuit L,C,R (Fig. 1) by the probability fluctuations (shot-effect) 
of the thermionic emission of the vacuum tube V.T. The factor F takes 
account of the fact that some of the component frequencies of this 
voltage v9 differ so much from the frequency wo, to which the amplifier is 
tuned, that they are only slightly amplified. Hence, a smaller puresine 
voltage 2, of frequency wo, produces the same amplified voltage as vo. 

The true r.m.s. voltage Vy,2 is given in each of the following tables 
under the name shot-voltage. In Table II is also given the mean shot- 
current +/J? in order to show its magnitude. 


__® This equation may be reduced to Eq. (1) section 2, by placing 0,°/F=07= 
= FAL /C whence e =2RCJ3/io. 
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16. SHoT-EFFECT OF TEMPERATURE-LIMITED ELECTRON EMISSION 
IN U.V. 199 RapIOTRON. 


Preliminary measurements showed that space-charge caused a marked 
reduction of the shot disturbance.*" It was therefore decided to make 
the first measurements with thermionic currents limited by temperature, 
with as strong an electric field at the cathode surface as possible. The 
radiotron U.V. 199, with plate and grid connected together (as anode) 
was well suited to this purpose on account of its small grid (2.5 mm in 
diam) and small filament (.015 mm in diam.), giving a field intensity at 
the cathode, with 120 volts between grid and filament, of 30,000 volts/cm. 
It also had the advantage of enabling us to test, first the emission from a 


TABLE II 


Shot-effect of temperature-limited electron current ig in a U.V. 199 radiotron. 


(m-amp.) (m-amp.) (em) (y-volts) (ohms) (u-volts) (u-amp.) (coulombs) 
1 443 9.0 65.0 3.045 .776 73.8 . 204 1.541 x10~"" 
? 925 6.0 89.4 3.37 .763 102.2 . 282 1.640 
2 9.0 3.3 3.37 1.6 279 1.603 
3 1.05 6.0 102.7 3.65 .750 118.5 .327 1.595 
3 .700 9.0 102.7 3.65 .750 118.5 327 1.595 
4 .580 12.0 113.4 3.85 .740 131.8 364 1.570 
4 .780 9.0 114.4 3.85 .74060 133.1 . 367 1.595 
5 835 9.0 122.5 4.06 .727 143.8 397 1.566 
5 -625 2.0 122.2 4.06 .727 443.5 . 396 1.556 

mean 1.586 x 107"" 


thorium-coated tungsten filament, and then that from the same filament 
without thorium, by distilling off the thorium and working at a higher 
temperature. No difference whatever was observed in the value of shot- 
voltage under these two conditions so long as the emission was limited 
only by temperature. 

Table II shows a series of measurements made in this tube, using 
the filament in its sensitive (thorium-coated) condition, with emission 
limited by temperature. The plate potential of 120 volts was furnished 
by dry batteries, bridged with a 2 uf condenser. 

The next to last column gives the observed root-mean-square current . 
excited in the tuned circuit by the spontaneous variations of the therm- 


™ This fact was first discovered, and called to our attention, by Mr. W. L. Carlson 
of the Radio Department of the General Electric Co. We at first believed that the 
decrease in shot noise reported by Mr. Carlson was only apparent and was accounted 
for, as it is to a large extent, by the high effective resistance of the tuned circuit when 
a space-charge limited tube (low resistance) is connected in multiple with it. The 
measurements reported in section 17 show, however, that there may be a real reduction 
of shot-effect, of several fold, due to space charge. 
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ionic current 79; and the column before that gives the corresponding 
r.m.s. voltage at the terminals of this circuit. This voltage has the fre- 
quency spectrum shown in curve II, Fig. 6. The “equivalent input vol- 
tage’’ v, (fifth column) is a pure sine voltage, of the frequency to which the ~ 
tuned circuit L, C, and the amplifier are tuned, which produces the same 
r.m.s. amplified voltage as the larger complex “‘shot-voltage”’ vo. 
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The last column gives the values of e calculated from the experimental 
data. With the exception of the first two determinations, where the 
current t9 was small, the individual determinations differ by less than 
2 per cent from the mean, and the mean is within 1/3 percent of Millikan’s 
value, 1.59110-® coulombs. The closeness of this agreement of the 
mean is accidental, but we believe that the errors are purely observa- 
tional, provided space-charge effects are avoided, so that a reliable mean 
value, of much higher accuracy than this, should be obtainable from a 
large number of careful observations. 


17. Errect or SpACE-CHARGE ON SHOT-EFFECT 


If the thermionic current in a vacuum tube is limited only by the tem- 
perature of the cathode, the probability of evaporation of any one electron 
is, according to the present-day theories, independent of the evaporation 
of other electrons. This is the condition postulated in the theory of the 
shot-effect and assumed _in the derivation of Eq. (2). This condition was 
complied with, as closely as possible, in the measurements reported in 
Table II. The same condition of independence could be realized, by avoid- 
ing space-charge limitation, in the case of photo-electric emission or of 
positive ions obtained by contact of an alkali vapor with a hot filament. 
When, on the other hand, the possibility of escape of an electron is limited, 
wholly or in part, by the repulsion of the electrons in the space (space- 
charge limitation), the theorems of unrestricted probability are no longer 
applicable, and Eq. (2) is not valid. The authors hope to deal with this 
problem in a future paper. For the present, in explanation of the meas- 
urements that follow, it is sufficient to point out that the effect of such 
electrostatic coupling between electrons is to reduce the amplitude of 
their relative motions. In the ideal case, if space-charge were to operate 
for a sufficiently long time, all relative motions would tend to disappear, 
and the electrons woula move regularly spaced in a uniform stream. 
This condition is nearly realized in the circulating beam of electrons in 
the magnetron.” 


* Hull, Paths of Electrons in the Magnetron (abstract in Phys. Rev. 23, 112, 1924). 
The full paper will appear soon. 
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Preliminary measurements with two-electrode tubes showed no shot- 
effect when the current was limited by space-charge, so far as could be 
detected with the degree of amplification used for the previous (tempera- 
ture-limited) measurements. Calculation showed that this was to be 
expected, on account of the very low a.c. resistance (5000 to 10,000 ohms) 
of a space-charge limited kenotron. This produced a high effective series 
resistance of the tuned circuit to which it was multiply connected, and so 
reduced the amplitude of oscillations produced in this circuit by the shot- 
effect. With increased amplification these shot-oscillations were easily 
detected, however, though still too small for convenient measurement. 

By the use of a grid, on the other hand, it is possible to combine full 
space-charge limitation with any desired plate-resistance, by appropriate 
choice of grid mesh. Table III gives the results of measurements made 
in this way, using U.V. 199 radiotrons of different grid mesh. Two meas- 
urements were made with each tube, the first at low filament temperature, 
the second at normal temperature or higher (normal filament voltage = 
3.0). 


TABLE III 
Effect of space-charge on shot-effect in three typical U. V. 199 radiotrons. 


Constants of tube Voltage Grid Therm- Effective 
a.c. plate ampli- across bias ionic resistance Shot-voltage 
resistance fication filament emission of circuit obs. calc. 

(volts) (volts) (m-amp.) (ohms) (u-volts) (u-volts) 


20000 6.0 ; —4.5 0.72 : 65.8 65.2 
—4.5 2.7 16.2 65.5 


100000 29.5 0.97 28.0 65.7 
: 1. 33 ‘ 17.0 67.4 


127000 31. 0.67 43. 61.7 
“a 1.45 ‘ 11.3 70.0 


The first pair of measurements refer to a standard tube, operated at 
standard voltage (plate voltage 90, grid bias—4.5 volts). When the 
filament voltage is 1.9 (normal =3.0 volts) the emission is only 1/4 its 
space-charge value and is limited almost entirely by temperature. Under 
these conditions, a normal shot-effect is produced, equal to the theoretical 
within the limits of experimental error. At normal filament voltage, on 
the other hand, with the current limited by space-charge, it is seen 
the shot-voltage is only 1/4 as large as that calculated by the above 
theory, which assumes that all the electrons are independent. 

The other two tubes had much finer meshed grids, giving a higher plate 
resistance. With these tubes it was impossible to attain full temperature 
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limitation, even at zero grid voltage, without reducing the plate current 
to too small a value for reliable measurements. The data obtained illus- 
trate well the important fact which we wish especially to emphasize, 
namely, that when thermionic current is limited by space-charge, the 
shot-effect is only a small fraction of that to be expected from indepen- 
dently-moving electrons. In the transition region between full space- ka 
charge and full temperature limitation, the shot-voltage approaches We 
more nearly to its theoretical value the more the current is depressed 
(in percent) below its space charge value. Thus with full space-charge, 
the shot-voltage is only 1/6 theoretical (last row, filament voltage 3.5); 
slight temperature limitation, corresponding to normal cathode temper- 
ature (filament voltage =3.0), gives 1/4 theoretical shot-voltage; limita- 
tion by temperature to 2/3 space charge value (filament voltage = 2.5) 
. gave 1/2 theoretical shot-voltage; limitation to 1/2 space charge (fila- 
ment voltage =2.25) gave 70 percent; and limitation to 1/4 space- 
charge value (filament voltage =1.9) gave full theoretical shot-voltage 
within the accuracy of measurement. 


TABLE IV 


Variation of shot-effect with the filament temperature in a pliotron, showing the effect 
of space-charge. At the lower temperatures the emission current is limited by temperature, 
at high temperatures by space-charge. 


Filament Filament Thermionie-Effective Equivalent Amplifi- Shot-voltage 
heating temper- emission resistance input cation obs. calc. obs/calc. 


current ature of circuit voltage factor 
(m-amp.) (m-amp.) (ohms)  (u-volts) (u-volts) (u-volts) 
140 1675°K 1.0 3.32 58.7 0.765 67. 71.7 0.93 
150 1750 2.0 4.43 60.1 0.71 71. 87.7 0.82 
152 1765 2.5 6.09 41.0 0.64 51. 83.8 0.61 
160 1805 3.0 8.60 27.8 0.53> 38. 77.2 0.49 
167 1850 3.5 11.24 19.0 0.43 28. 73.0 0.39 . 
170 1867 4.0 12.18 6.4 0.22 13.6 75. 0.18 
182 1940 5.0 13.29 7.3 0.21 15.9 80 0.20 


Special U.V. 199 radiotron; plate potential = 130 volts; grid potential = —6 volts 


This progressive decrease of shot-voltage in the transition region 
between temperature and space-charge limitation is still better exem- 
plified in Table IV, which gives a series of measurements on the same tube “ 
at different cathode temperatures. The tube used was similar to the 
standard U.V. 199 radiotron in every respect except cathode diameter, 
which was double (normal heating current 0.200 ampere). Plate and | 
grid voltage were kept constant at 130 and 6 volts respectively. As the 4 
cathode temperature was gradually raised, the shot-voltage fell from ; 
essentially full theoretical value to 18 percent of theoretical. 


170 A. W. HULL AND N. H. WILLIAMS 


The data in Tables III and IV indicate that the measurement of shot- 
voltage may be a useful auxiliary weapon in attacking the problem of the 
part played by temperature and space-charge in the transition region. 
For example, it has been frequently noted that ordinary three-electrode 
tubes do not show “‘saturation”’ of the plate current as the cathode tem- 
perature is raised, and many explanations have been offered. The 
measurements in Tables III and IV indicate that space-charge is actually 
not complete until the cathode temperature is raised far above the value 
at which its emission is equal to the plate current actually used. 


18. SEPARATION OF PRIMARY AND SECONDARY ELECTRON EMISSION 
BY MEANS OF SHOT-EFFECT 


In Table V is given the result of a single measurement with a double- 
grid tube, in which the potentials were so adjusted that the current to 
the plate, which was connected to the tuned circuit, was zero, as in- 
dicated by any type of milliammeter. The circuit conditions were those 


TABLE V 


Shot-effect due to secondary electron emission in pliodynatron. 
Thermionic emission from filament: 1.16 milliampere 
Fraction of emitted electrons which pass 
through grid and strike plate: percent 
Current of primary electrons striking plate: —. milliampere 
Current of secondary electrons leaving plate: . milliampere 
Net plate current: 0 
Effective circuit resistance: : ohms 
Calculated shot-voltage 
due to primary electrons: ; microvolts 
due to secondary electrons: ‘ microvolts 
total (square root of sum of squares) , microvolts 
Observed shot-voltage 79. microvolts 
under which zero current is generally interpreted as the sum of two equal 
and opposite currents, of primary and secondary electrons. The circuit 
is shown in Fig. 8. It differs from that used in the other tests only in the 
interposition of a grid between control-grid and plate. This grid is main- 
tained at a constant potential (130 volts) higher than that of the plate 
(25 volts), and its only function is to attract and carry away secondary 
electrons emitted by the plate. 

If the zero plate current were due to deflection of the electrons by the 
grid wires so that none of them struck the plate, the shot-voltage would 
obviously be zero. The same would be true if electrons struck the plate 
but were reflected, as is generally assumed to take place at very low volt- 
ages. If, on the other hand, each impinging electron produces one or more 
secondary electrons, the escape of each of which is a separate event, 


having no exact time-connection with the impact which produced it, 
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then the observed mean-square shot voltage should be the sum of the 
mean square voltages due to the primary and secondary electrons separ- 
ately. In making the calculation allowance is to be made for the fact that 
the primary emission is limited by space-charge (see last section). 

The calculation of shot-voltage in Table V was made on the latter 
hypothesis of true independent secondary emission. The agreement of 
the calculated and observed shot-voltage is evidence of the correctness 
of this hypothesis. The experiment shows that the mechanism of this 
secondary emission must be excitation by impact and subsequent evap- 
oration, rather than direct splash. For a splash would give a direct time 
relation between impact and secondary emissions, so that the shot-effects 
of the two would nearly neutralize each other. The total shot-voltage 
would in that case be only a small fraction of the value observed. 


> To Amplifier 


- + 25 Volts 


Fig. 8. Circuit for measuring shot-effect of secondary electron emission. Note that 
the current #9, which produces the shot-effect, is zero. It is composed of two currents, 
equal and opposite in average value, but independent in phase, so that their shot-effects 
add together 
The calculation in Table V was made in the following manner. The 
total current of electrons which passed through the control grid (space- 
charge limited) to outer grid and plate jointly was 1.16 milliamperes. 
Of these electrons approximately 65 percent strike the plate, according 
to calibration measurements recently made with positive ions by Mr. J. 
M. Hyatt of Union College (not yet published). Hence the primary 
current to the plate is .755 milliamperes. It is assumed, in accordance 
with the results in Tables III and IV, that this space-charge limited 
primary current produces only 1/6 its theoretical shot-voltage, viz., 12.5 
microvolts, while the secondary current produces full shot-voltage 
(76.6 microvolts). The total shot-voltage to be expected is the square 
root of the sum of the squares of these two parts, viz., 79.2 microvolts. 
The observed value is 79.0 microvolts. 


k. 
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The closeness of the agreement of calculated and observed values is 
accidental, since the possible experimental error, including the fraction 
striking the plate and the effect of space-charge, may be as great as 5 or 
6 percent. The experimental result does not exclude the possibility, 
therefore, of a small fraction of reflected electrons being mixed with the 
secondary electrons. This fraction cannot be more than a few percent, 
however. By greater care, this error can easily be reduced to less than 
one percent. Measurements of this kind offer a new and powerful means 
of discriminating between reflected and true secondary electrons, and of 
investigating the mechanism of secondary emission. 


19. Discussion oF RESULTS 


The foregoing measurements of shot-effect were mostly made at a 
single frequency (725 kilocycles). A few scattered measurements have 
been made over the narrow range from 600 to 1000 kilocycles, with exactly 
similar results. No evidence has been found of any dependence of the 
shot-effect upon frequency, except that involving the constants of the 
tuned circuit, as expressed in Eqs. (1), (13), etc. It is believed that the 
divergent results obtained by Hartmann are satisfactorily accounted for 
by the faulty method used for measuring mean-square shot-voltage, as 
pointed out by Fiirth. 

The accuracy of measurement of e by means of the shot-effect is limited 
only by the degree to which residual space-charge effects can be avoided. 
Photo-electric current (10 micro-amperes is sufficient) offers advantages 
in this respect, on account of the high initial velocities. All other errors 
in the measurements are purely instrumental and can be reduced without 
limit. Chief among them is deviation from a true “voltage square” law 
of detection, for upon this law we must rely for a faithful record of the 
mean square of the irregular shot-voltage. It would seem desirable on 
this account to substitute for the detector a thermocouple, transformer 
coupled to the last amplifier tube. Special care must be taken, in this 
case, to use for the last stage of the amplifier such a combination of tube 
characteristics, bias, and voltage, that the limits of linear amplification 
are not exceeded by any of the peaks of the shot-voltage. 

A lower frequency than that used in these tests recommends itself for 
ease of manipulation. With too low a frequency, however, difficulty is to 
be anticipated in finding a detecting instrument with sufficiently long 
period (thermocouple with large heat capacity) to record accurately the 
mean of the varying shot-disturbance. It was observed in the present 
experiments that when the detecting apparatus was adjusted to the 
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desired sensitivity, the needle of the detecting instrument (a Rawson 
unipivot micro-ammeter) showed continual, rapid fluctuations. These 
were clearly due to probability fluctuations of the shot-effect, for the 
needle showed a perfectly steady deflection when the shot excitation was 
replaced by an equal impressed voltage from a tube generator 

Amplifier noises, whether due to gas, mechanical vibration, or battery 
fluctuation, if of constant mean value, will cause no error, since the 
detector adds the mean-square voltages, and the square of the shot- 
voltage may be reliably read as an added detected current. 
® An important possible source of error, which cannot be excluded a 
priori, is voltage fluctuation of the plate battery which supplies the shot- 
tube. The effect of such fluctuations, if present, would appear only when 
the shot-tube is conductive, hence can not be separated, like amplifier 
noise, by simple subtraction. Such fluctuations may be detected, how- 
ever, and their effect measured quantitatively, by substituting for the 
shot-tube an ohmic resistance equal to the alternating current resistance 
of the tube. When this was done, using wire resistance, no traces of 
fluctuation were detected. It is worthy of mention that an India ink 
resistance (standard grid-leak) gave a fluctuation of the same order of 
magnitude as the shot-effect. 

In conclusion, it seems appropriate to emphasize again the potential 
usefulness of this new implement of investigation, which is due to W. 
Schottky. We have already shown, by examples, that it provides a new 
means, more fundamental than any hitherto used, of differentiating 
between temperature and space-charge effects and between the reflection 
and secondary emission of electrons, and also of detecting and measuring 
equal and opposite currents whose resultant is zero. It is to be expected 
that other and still more important uses will be discovered. 


RESEARCH LABORATORY, 
GENERAL ELeEctric Co. 
SCHENECTADY. 
September 30, 1924. 
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THE HARMONIC ANALYSIS OF ELECTRON ORBITS 
By Frank C. Hoyt 


ABSTRACT 


Harmonic analysis of penetrating electron orbits in the Bohr atom has 
been effected on the assumption that the outer segments of such orbits may 
be considered as parts of Keplerian ellipses and that the penetrating part of 
the orbit, which is traversed in a time short compared with the period of the 
Keplerian moiion, may be represented arbitrarily as a continuation of the 
exterior motion. If the Fourier series is written in the form x+iy=2(— @ to 
+0 )Cre2"i(ret+e)! the formula for the amplitudes is 
Cr=(a/2) V sin? (240/w) + (cos(2ma/w) —1)? to + )bmJ m(pé) 

(1+€) (o—m)+e’ (3/2)€ 
with },, = 
(o—m)?—1 (e—m)*—4 p—m 
where a = major axis of the outer segment ; ¢ /w =ratio of frequency of precession 
to the frequency of Keplerian motion =2z times angular separation of outer 
segments; p=t+oa/w; € is the eccentricity of outer segment; €'=V1-—é. 
The J's are Bessel functions of the first kind. Tables are given of the values 
of Cr for €=.3, .6, .866, 1, and ¢/w=0, 1/4, 1/2, 3/4, 1. The error involved in 
the method may be large for high order harmonics or small values of €. In 
the case of some orbits of sodium (3,, 32, 43, and 53) the calculated values 
of the main coefficients agree fairly well with values obtained by Thomas from 
spectroscopic data by the method of Fues. Applications of this analysis 
to intensity relations in spectra will be made in a later paper. 


1. INTRODUCTION. DESCRIPTION OF ELECTRON ORBITS 


CCORDING to the modern quantum theory of radiation the resolu- 
tion of the motion of an electron within an atom into its harmonic 
components is of fundamental importance in determining the character 
of the radiation accompanying a transition between two stationary states. 
Thus it is possible by means of Bohr’s correspondence principle! to draw 
conclusions in many cases as regards the intensity and polarization of 
spectral lines from a knowledge of the amplitudes in such an harmonic 
representation, although attempts to deduce a general quantitative rela- 
tion between the probability of transition occuring in Einstein’s theory of 
heat radiation and the properties of the electron motion have so far been 
unsuccessful.?. The present paper will be concerned with the problem of 
the harmonic representation of a certain class of electron orbits of great 
importance in the theory of series spectra, and in a later paper it is hoped 
to give a discussion of possible applications to intensity relations. 
1N. Bohr, Zeits. f. Phys. 13, 142 (1923) 
*See F. C. Hoyt (Phil. Mag. 46, 135, 1923; 47, 826, 1924) for a brief discussion of 
the correspondence principle, with references to the literature. See also Buchwald 
“Das Korrespondenzprinzip” Braunchweig, 1923. 
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For a detailed account of the theory of series spectra in relation to 
atomic structure the reader must be referred to the original articles of 
Bohr,? but it may be well to recall here some of the main features. 
According to the theory, the emission of series spectra is the result 
of the rebinding process occurring after the removal of one or more 
of the electrons belonging to the group of most loosely bound electron 
orbits in the neutral atom. Thus we have to consider transitions between 
stationary orbits in which one electron is, for at least a large part of its 
path, at a much greater distance from the atomic nucleus than the orbits 
of the more strongly bound electrons. This electron will be referred to 
as the “series electron,”’ while the rest of the system, consisting of the 
nucleus and the orbits of the other electrons, will be referred to as the 
“atomic residue.” 

The orbits of series electrons may be divided into two essentially dif- 
ferent classes, depending on whether the electron during its entire path 
moves in the outer region or whether it penetrates for a part of its path 
into the inner region in which the orbits of the other electrons lie. In the 
first case the orbits have been called by Bohr “orbits of the first kind,” 
or non-penetrating orbits and in the second case “orbits of the second 
kind,” or penetrating orbits. 

In an orbit of the first kind the electron will, to a first approximation, 
move in a Keplerian ellipse on which is superposed a slow uniform rotation 
in the plane of the orbit. This follows at once from the fact that at great 
distances the field of the atomic residue may be considered as due to a 
point charge of N—N, units, where JN is the atomic number and N; the 
number of electrons in the atomic residue. At lesser distances the small 
deviations from an inverse square force are such as to preserve the central 
symmetry and will thus produce a uniform precession. Such an orbit is 
represented diagrammatically by curve I in Fig. 1, where the shaded 
circle represents the region occupied by the orbits of the inner electrons. 
For the sake of simplicity the slow precession which may occur is not 
shown. 

The stationary states of such orbits may then be fixed by means of the 
well known theory for atoms containing only one electron, and the 
energy E and major axis a are given to a first approximation by the 
relations 

(1) 
2Rk N—N, (2) 


*N. Bohr, “The Theory of Spectra and Atomic Constitution,” Camb. Univ. Press 
(1922); and Ann. der Phys. 51, 228 (1923) 
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where R is the Rydberg constant, and n the principal quantum number. 
The existence of such orbits in an atom will then be shown in the spectrum 
by the occurrence of terms T represented approximately by the formula 


T (3) 


The exact description of orbits of the second kind in which the electron 
penetrates at intervals into the inner region is, on the other hand, a 
matter of greater difficulty in the present state of the quantum theory as 
it involves the question of the finer interaction of electrons within the 
atom. In most cases, however, the greater part of the orbit will be des- 
cribed at a considerable distance from the nucleus where the field is 
approximately that of a point charge, and it is only during the penetration 
into the inner region that large deviations from Keplerian motion will 
occur. Thus to a first approximation the orbit may be thought of as 
made up of a series of outer segments which are parts of Keplerian ellipses, 
joined by inner segments in which the deviation from Keplerian motion 
may be considerable. If we assume, as Bohr has done, that there is no 
interchange of energy between the electron and the atomic residue during 
the penetration, the outer segments will all be parts of ellipses having the 
same energy and the same major axis, and if we further assume that the 
field is always a central field, as suggested by the symmetry of the atomic 
structure, these ellipses will all have the same shape and be spaced at 
equal angles in the orbital plane.‘ An orbit of this kind is shown by 
curve II in Fig. 1. It is of great importance to note that the time spent 
by the electron in the inner region is in general very short in comparison 
with the time spent in the outer region, as the motion is very much more 
rapid in the interior. 

The stationary states of orbits of the second kind may be fixed by 
means of the general theory for central orbits®, which leads to a classifica- 
tion by means of the symbol m, where is the principal quantum number 
and k the subordinate quantum number. As is well known, k determines 
the total angular momentum about the nucleus, while m determines the 
magnitude of the radial quantum integral according to the relation 


JS m(dr/dt)?dt=(n—k)h (5) 


where dr/dt is the radial velocity and the integral is to be taken over a 
complete cycle of the radial motion. The energy and major axis of the 
Keplerian ellipse of which the outer segment forms a part will differ 


‘See N. Bohr, “The Effect of Electric and Magnetic Fields on Spectral Lines,” 
The Seventh Guthrie Lecture, The Physical Society of London (1923) 
5 N. Bohr, Ann. der Phys. 51, 244 (1923) ‘ 
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greatly from those of a hydrogen-type orbit with the same principal quan- 
tum number, as the contribution of the inner segment to the radial quan- 
tum integral, Eq. (5), is very large due to the increased velocity near the 
nucleus. These quantities are, however, conveniently represented in 
terms of an effective quantum number n* by means of the relations 


E=—Rh(N—N,)?/n**= Eo N—N,)2/n* (6) 
n*? n*? 
N-N, 


(7) 


where Ey and dp are respectively the energy and major axis of a one- 
quantum orbit in hydrogen. The eccentricity of the outer segment is 
then given by the relation 

(8) 


I] 


Fig. 1. I. Orbit of the first kind, or non-penetrating orbit. 
Il. Orbit of the second kind, or penetrating orbit. 
The convenience of these relations lies in the fact that, since the work 
required to remove the electron is given by the value of the spectral 
term T divided by h, the effective quantum number may be found directly 
from spectroscopic data by means of the relation 


n*=(N-—N)VR/T . (9) 


It has further been shown by Bohr* from the general principles of the 
quantum theory, that the energy of orbits of the second kind depends on 
the quantum integers in such a way that their existence in the atom ac- 


Bohr, loc. cit.4, p. 298 
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counts for the occurrence of spectral terms given to a first approximation 
by the formula 
Rh 


(n—a)? 


(N—N;)? (10) 
where a is a constant depending only on k and not on n. This is the well 
known Rydberg formula. 


2. HARMONIC ANALYSIS OF THE ELECTRON ORBITS 


For the purpose of exhibiting the relation demanded by the correspond- 
ence principle between the s-fold periodic motion of an electron and the 
properties of the radiation accompanying transition between stationary 
states it is necessary to express the displacements of the electron, referred 
to three mutually perpendicular axes, in Fourier series of the form 


n=to Tg=to 


where r’s are integers, w: . . . w, are the frequencies of the motion and 
the y’s are phase constants. The amplitudes C, depend only on the so 
called uniformization variables, and as Kramers’ has shown it is possible 
to obtain integrals expressing these coefficients when the equations of 
motion can be solved by separation of the variables. It will be necessary 
here, however, to consider only the simpler case of central motion. 

As is well known, any central motion (in general doubly periodic) 
may be represented as the superposition of a uniform rotation on a simply 
periodic motion,’ in which case the displacements referred to rectangular 
coordinates in the plane of the orbit may be expressed in the following 
way. Let the periodic motion be represented as a sum of circular vibra- 
tions in the form 


+a 
t+in= C (12) 


where £ and 7 are rectangular coordinates and w the frequency. Then 
the Fourier series for the doubly periodic central motion is directly ob- 
tained by superposing on this a uniform rotation of angular velocity 
2ro, so that if x and y are the rectangular coordinates of a general central 
motion we have 


+o 
xtiy=(E+ = (13) 
7H. A. Kramers, Kgl. Danske Vidensk. Selsk. Skrifter 8, III, 287 (1919) 


* N. Bohr, The Quantum Theory of Line Spectra, Kgl. Danske Vidensk. Selsk. Skrif- 
ter 8, IV, p. 33. 
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1 l/w 
where C,= (E+ , (14) 
0 


which may be readily seen to correspond to the usual integral expression 
for a Fourier coefficient if it is remembered that C, may be a complex 
quantity. It must be born in mind in considering the applications of the 
correspondence principle, that the properties of the radiation accompany- 
ing a transition between two stationary states for which n =n’, k =k’ and 
n=n'',k=k"’ respectively, are dependent on the frequency and amplitude 
of the corresponding harmonic in Eq. (13) for which n’—n’’=7r and 
k—k’’ =+1, that is to the harmonic with frequency | twto |. That 
the expression (13) contains terms with frequencies rw+o¢ and rw—¢ 
follows from the fact that both positive and negative values of 7 occur in 
Eq. (12). Thus we will understand by C, the amplitude of the harmonic 
with frequency |rw+o] and by C_, the amplitude of the harmonic with 
frequency |Tw—o}. 

We shall now consider the harmonic representations of orbits of both 
the first and second kind, assuming as a first approximation at least that 
we have to do in both cases with acentral motion. In each case we shall 
obtain an expression in the form of Eq. (13) for a simply periodic motion 
and then superpose on it a uniform rotation. 

For orbits of the first kind, in so far as they may be considered as Kep- 
lerian ellipses on which is-superposed a uniform rotation of frequency ¢, 
the coefficients in Eq. (13) can be found by carrying out the integration 
in Eq. (14), as shown by Kramers® (£ and 7 being in this case the rect- 
angular coordinates of a Keplerian ellipse) and are given by the expres- 
sion, 


C,= —(a/2r){ (1+e’) J,-a(re) —(1—e’) (re) } (15) 


where a is the semi major axis of the ellipse, ¢ the eccentricity and ¢’ = 
V1—e. The J’s are Bessel functions of the first kind. These are then 
the values of the amplitude in Eq. (13) obtained by the superposition of 
a uniform rotation ¢. 

In considering orbits of the second kind we encounter at once the 
difficulty of describing the motion in the interior of the atom. Remember- 
ing, however, that the time spent in this region, where the electron moves 
very rapidly, is an extremely small fraction of the time required to 
traverse an orbital loop, at least when € is not far from one, it is reasonable 
to suppose that only the higher harmonics will depend to any considerable 
extent on the exact nature of this motion, as the contribution of the inner 


*See Buchwald, Das Korrespondenzprinzip, p. 46. 
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segment to the time integral in Eq. (14) will be very small. We may thus 
represent this inner motion in a more or less arbitrary way, and this is 
most conveniently done by taking the motion in the interior as far as 
possible as a completion of the Keplerian motion of the outer segment. 
For the purpose of the analysis we shall then replace the true motion by 
a series of complete Keplerian ellipses, having the proper angular separa- 
tion 27a/w, w being the number of outer segments traversed per unit 
time and o the number of revolutions per second of the major axis. In 
order to do this it is necessary, however, to introduce a discontinuity, in 
that the electron must be thought of as passing instantaneously from the 
perihelion of one ellipse to that of the next. Such a motion is shown in 


Y 


Fig. 2. Analysis of a penetrating orbit into a periodic orbit and a uniform rotation. 
w=frequency in the periodic orbit; ¢ =frequency of rotation; €=.866; ¢/w=}. 
Fig. 2 for ‘the case where a/w=1/4. The electron, starting from a, 
traverses the first complete ellipse abcde and then passes instantaneously 
from e to f, as shown by the heavy line, whereas in the true motion the 
path is more as indicated by the dotted line. The electron then traverses 
the second ellipse, and so on. The angular separation is of course 90°. 

We now proceed to represent this substituted motion as the superposi- 
tion of a uniform rotation on a periodic motion, in order to obtain an 
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expression in the form of Eq. (13). We see at once that this periodic 
orbit must be such that after the rotation has gone on for a time 1/w with 
angular velocity 27¢ in the positive direction it will give the first complete 
ellipse, as abcde in Fig. 2. This orbit may be found graphically, as it is 
of course the ellipse rotated in the negative direction for a time 1/w, and 
and is shown by the dotted curve ab’c’d’e’. The small circles divide the 
the first ellipse into ten equal time intervals and correspond to those on 
the dotted curve. The orbit thus obtained is not closed but it is readily 
seen that if it be closed by an instantaneous path, so that e’ coincides 
with a at time t= 1/w the periodic orbit obtained is the desired one, since 
a uniform rotation imposed on it will give the second ellipse from time 
1/w to 2/w, and so on for the consecutive ellipses, which will also have 
the angular separation. 

It is now possible to obtain a Fourier series for this periodic orbit. 
In fact, if we represent the Keplerian motion rotated backwards for a time 
1/w by such a series with fundamental period 1/w it will automatically 
give us a closed periodic orbit. Let x’, y’ be the rectangu'ar coordinates 
referred to axes as shown. Then if t=0 at the perihelion a, the para- 
metric equations for the motion in the first ellipse are 


x'+iy’=a(cos u—e+ie’ sin u) ; (16a) 
2rwt=u—esin u, (16b) 


u being the eccentric anomaly. Then if & and 7 are the rectangular 
coordinates of the periodic motion desired, we have 


E+ in = (17) 


or from Eq. (16) ; 
§+in=a(cos u—e+ie’ sin 


The coefficients of the Fourier expansion of +77 in the form of Eq. (12), 
are then given by 


1 1/w 
a (cos u—e+ te’ sin (18) 
us 


and these are also the values of the C’s in the expression corresponding 
to Eq. (13) for the doubly periodic motion consisting of complete ellipses. 

We have now to evaluate the integral in Eq. (18). Changing the vari- 
able of integration from ¢ to « gives by means of Eq. (16b) 


1 Qe 
f elem u—e+ie’ sin u] cos u] x 


en ilols) (u—esin em ir sin wdu 


| 
(19) 
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The product of the two expressions in brackets may be written in the form 


+2 
44 4+ Ag tA = Ane, 


where 
A_g=—}e(1—e’) ; Ar=—}e(1 +e) ; ; 
; Ao=—(3/2)e. 
Then with the abbreviation p=r+a/w, Eq. (19) may be written in the 
form 


C,= etre sine dy (20) 
-2 
0 
The evaluation of the integral 
Ke errr sinu dy (21) 
0 


does not lead to a simple Bessel function except in the case where p—n is 
an integer, as in a periodic Keplerian motion. We can, however, obtain 
an expression for K as a convergent series containing Bessel functions 


in the following way. If we expand e'**"™“ in a Fourier series of the 


form a,e'™ the coefficients are given by the integral 


Om = (1, an) fem sin“ g-imu dy 
0 


which is a well known expression for J,(pe). Thus 
+2 
eipe sin = J m(pe) : 
and substitution in Eq. (21) gives 


2x +@ 
K=(1/2r) J "dus ; 
é -@ 


or, on carrying out the integration, 
+0 
K = (i/2n) J m(pe)/(p—m—n) . 


Substituting this value of K in Eq. (20) and reducing the finite summation 
with respect to m to an algebraic factor, gives as the final expression for 
the absolute value of the complex coefficient occurring in Eq. (13) 
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_(+e) (o—m)+e' ee’ (3/2)e (22) 
(p—m)?—1 (p—m)*—4 p—m 

For ¢/w=0 it may be shown that this reduces to Eq. (15) for the coeffi- 

cients in a simple Keplerian ellipse, so that Eq. (22) is a general expression 

for orbits of either the first or second kind. In taking the absolute value 

of C, we have neglected only the phase constants, which are of no im- 

portance in considering applications of the correspondence principle. 


where bm 


3. CALCULATIONS AND DISCUSSION OF RESULTS 


The calculation of numerical values from Eq. (22) is a rather laborious 
process, although the convergence is very rapid for the lower harmonics, 
yet attempts to obtain a simpler series have not been successful. The 
amplitude of a given harmonic is a function of both o/w and e, and 
values have been computed in a large number of cases. The results are 


TABLE I 
Values of C,/a computed from Fq. (22) for various values of ¢/w 


Values of a/w 


.300 — .450 — .706 — .925 —1.025 — .955 
. 600 — .900 — 1.084 —1.146 —1.052 — .812 
.866 —1.299 —1.363 —1.241 — .961 — .594 


—1.394 


.600 .812 -494 134 — .090 
866 — .048 —.194 


. 866 . 206 124 . 009 — .076 
-017 


‘ 126 : 
. 866 .122 . 080 .021 — .038 — .067 
-O11 


080 


S 


| 
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= € 0 a 4 2 1 
1 
C:/a —.091 
1 —.059 
1 
.600 044 071 027 —.023 
1.000 —.021 —.033 —.026 
4 Cu/a .300 012 010 070 .450 
.172 646 “900 
: 866 417 1.071 1.299 
1.000 1. 106 1.394 1.500 
C.s/a .600 .022 .030 013 —.052 
866 091 036 —.139 
C_s/a .600 .003 001 —.0003 -—.004  —.010 
866 017 .039 —.039 
.600 —.004 — 006 —.0004 —.0032 
866 021 021 007. —.017 
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recorded in Table I. It is most convenient to have the amplitudes 
represented as a function of the eccentricity for discrete values of o/w, 
and in Figs. 3a, 3b, and 3c are shown the results of plotting Co, C: and 
C_; for ¢/w=0, 4, 3, 2, and 1. The case ¢/w=0 corresponds of course 
to a single Keplerian ellipse and for ¢/w=1 we have again a single Kep- 


7 


Fig. 3. Graphs of Cr/a as a function of the eccentricity for different values of ¢/w. 
The numbers attached to the curves indicate the values of ¢/w. 


lerian ellipse where, however, since rw+o = (r+1)w the amplitude of the 
term with frequency tw+o has the same value as C,,; for ¢/w =0, except 
for a change in sign. This may also be seen directly from Eq. (22) and 
follows from the fact that for a given value of ¢, the amplitude is a 
function only of the quantity p=r+o¢/w. The computations and plots 
are given only for e>.3 as for small values of ¢ the assumption that the 


1.6 
. 
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fraction of a period spent in the inner region is very small is no longer 


valid. 


Although the applications to intensity re'ations are to be discussed 
in a later paper, it may be pointed out here that Eq. (22) may be used to 
compute an approximate value of the corresponding amplitude for the 
initial and final states of the transition involved in the emission of a 
spectral line in terms of the major axis and eccentricity of the outer 
segment, which are given directly by Eqs. (6), (7), (8), and (9) from the 
spectral terms, and of ¢/w which may also be roughly estimated from 
the spectral data. The order of the harmonic is of course given by the 
quantum integers. It will be seen that for a given eccentricity the effect 
of an increasing speed of rotation is to change continuously the value of 
a given amplitude from C, for ¢/w=0 to C,4; for ¢/w=0, passing in 
general through zero except in the case of Cy and C.. 

We must always keep in mind, however, the approximate nature of 
computations made in this way. The error may be very great for the 
higher harmonics, or even in the case of the lower harmonics when the 
eccentricity is small or the relative dimensions of the atomic residue and 
the orbit of the series electron are such that the motion in the outer 
segment differs greatly from a Keplerian motion. More exact calcula- 
tions, however, would perhaps be of little value at present due to the 
uncertainties in the exact method of application of the correspondence 
principle. 

It is of interest to compare the results obtained by the above method 
with the recent calculations of Thomas,’® who has determined some 
Fourier coefficients for electron orbits in sodium. The work is based on 
a method first developed by Fues" for obtaining from spectroscopic 
data an analytic expression for the central field in which the series electron 
moves. In this way the kinematics of the orbits may be worked out and 
the Fourier coefficients evaluated numerically. In Table II are Thomas’ 


TABLE II 
Values calculated for amplitude coefficients for sodium orbits 
Orbits Thomas’ results Values from 
Table I 

Co C; 
31 4 3.2 .28 
33 4.55 4.5 
4; 1.3 
Sa .6 


° Thomas, Zeits. f. Phys. 24, 169 (1924) 
4 Fues, Zeits. {. Phys. 11, 364 (1922); 13, 211 (1923) 
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results for the sodium orbits compared with the values obtained by inter- 
polation from graphs prepared from Table I. The values of ¢/w used 
were taken from Thomas’ paper. It will be noticed that the descrepancy 
is large in the case of C; and C, for the 3, orbit. This orbit has an eccentri- 
city of about .35 and is probably much distorted from a Keplerian ellipse, 
so that a large error may be expected to occur in this case in using the 
method here described. 

In conclusion the author wishes to express his thanks to Prof. N. Bohr 
for his help and criticism and to Dr. H. A. Kramers and Dr. W. Pauli, Jr., 
for valuable suggestions in regard to the mathematical problems involved. 
The greater part of this work was completed at the Institute for Theo- 
retical Physics of the University of Copenhagen. 
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HEAT OF EVAPORATION OF ELECTRONS 
J.J. WeIGLE 


ABSTRACT 


On the assumption that the electrons form a space lattice like negative 
ions, the following expression for the heat of evaporation of electrons Lo is 
derived, in terms of the grating energies Ve and Vprx of the metal itself and of 
a salt RX of this metal, and of the radii r, and r, of the positive and negative 
ions forming the crystal: 
Lo= Vr— +a 

where a is the energy necessary to transform the positive lattice of the metal 
into that of the salt. The values calculated for the alkali metals by this 
formula, taking a = 0 and computing the radii from the heat of hydration of the 
salt, are: for Na, 1.83 (1.82); K, 1.53 (1.55); Rb, 1.54 (1.45); Cs, 1.34 (1.36); 
each in volts per electron. The observed values are given in parenthesis. The 
values of Ve and Vpryx are not actually known with sufficient accuracy to allow 
an exact calculation of Ly but the values given above seem to support the hypo- 
thesis that the electrons in metals form a space lattice just as the negative 
ions in ordinary salts do. 


INTRODUCTION 


RECENTLY S. C. Roy! published a paper in which he gives a theory 

of emission of electrons from hot bodies, supposing the electrons to 
be placed on a space lattice inside the metal. He obtained the following 
expression for the thermionic current per unit area per sec. 


IT =AT*e~b/KT 


where A is a universal constant, 7 the absolute temperature, K the gas 
constant per mol. and bop=hvo, vo being the threshold frequency and h 
Planck’s constant. 

This equation is the same as that of Dushman? 


where Ly is the heat of evaporation of the electrons at absolute zero. In 
the present paper we shall calculate Ly on the assumption that space 
lattices of electrons exist in the metals. 

The electrical nature of the cohesion of crystals is well known and the 
calculations of Born* and others show that it gives results in fairly good 
agreement with the experiments. Most of the crystalline salts are con- 


'S. C. Roy, Phil. Mag. 47, 561 (1924) 
?S. Dushman, Phys. Rev. 21, 623 (1923) 
*M. Born, Atomtheorie des festen Zustandes, Teubner 1923 
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stituted of positive and negative ions and the electrostatic forces acting 
between these ions determine many of the physical as well as chemical 
properties of the crystal. The grating energy of a crystal, that is to say 
the amount of work V necessary to convert 1 mol. of the crystal into free 
positive and negative ions, can be computed cn purely electrostatic 
assumptions. On the other hand, it can be obtained from thermochemical 
data such as the heat of formation of the salt, etc. The two values are 
almost equal and this is in favor of the theory of Born. 

A very interesting application of the theory has been made by Haber.‘ 
This author tries to explain the cohesion of a metal by the assumption 
that an electron is detached from each atom of the metal (monovalent). 
These electrons form a space lattice between the remaining positive ions. 
Haber is thus able to calculate a value for the grating energy of a metal 
which is in good agreement with the value obtained by an entirely dif- 
ferent method. 

Our purpose is to find a relation between the grating energy of the 
alkali metals and the energy necessary for evaporation of electrons. The 
experimental results of Davisson and Germer® have shown that this heat 
of evaporation is practically equal to the work done in tearing an elec- 
tron from the metal. 


CALCULATION OF THE HEAT OF EVAPORATION OF THE ELECTRONS 


We shall consider here the alkali metals only. In the processes we shall 
describe below, all the energies and work units are expressed in kg-cal. 


Let us use the following notation: 
R=an alkali metal; 
X =a halogen; 
V =the grating energy; 
L=heat of evaporation of 1 gram mol. of electrons at absolute zero; 
M=heat of evaporation, at absolute zero, of 1 gram mol. of positive ions from the 
crystalline metal R; 
Sr=heat of evaporation, at absolute zero, of 1 gram mol. of positive ions from the 
crystalline salt RX; 
Sx =heat of evaporation, at absolute zero, of 1 gram mol. of negative ions of the 
halogen; 
D=heat of sublimation, at absolute zero, of 1 gram mol. of the metal; 
J=ionizing energy of 1 gram mol. of metal; 
a=difference between the potential energy of the positive ions when forming the 
space lattice of the metal and the potential energy they have arranged in a space 
lattice of a salt RX; 
{ ]=the solid state of a metal; 
{()] =the solid state of a salt; 
( ) =the gaseous state. 


‘F. Haber, Berl. Ber. pp. 506, 990 (1919) 
* Davisson and Germer, Phys. Rev. 20, 300 (1922) 
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In the following process we have separated the evaporation of the 
negative and that of the positive ions in order to make our calculations 
clearer. We may say that for every negative ion taken from the crystal 
we evaporate also a positive ion. 

Let us now consider the cycle shown in Fig. 1. 

We start with the metal R in the crystalline state and, going to the 
right, evaporate the electrons. Traveling along the arrow means that 
we have to furnish some energy, while traveling against it means that the 
reaction is exothermic. Thus, in evaporating the electrons we have to 
furnish the energy L. We have then a gas of free electrons and the posi- 


J 


Fig. 1 


tive ions of the metal in the solid state. Furnishing now the energy M 
we obtain these positive ions in the gaseous state. If we combine these 
ions with the electrons in erder to obtain the crystal R again, the reaction 
gives off the grating energy Vr. Hence we have 


Ve=L+mM. (1) 


If now, we start again with the metal R but go to the left and evaporate 
the atoms of the crystal, we have to furnish the heat of evaporation D. 
Then, in order to ionize the gaseous atoms, we must-again furnish the 
energy J. Hence 

Ve=D+J. (2) 


The energy J is known accurately for the alkali metals. Unfortunately 
D is not as well known and an error of 2 or 3 kg-calories is very probable. 
However, we can consider Vg as known experimentally and its value is 
given in Table I for the different metals. 


TABLE I 
Ionizing energy and heat of sublimation in kg-cal/mol. 
V 


145 
K 100 120 
Rb 96 19 115 
108 


/ 
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From Eqs. (1) and (2) we obtain 
L=(D+J)-M. (3) 


In order to determine M we shall consider another cycle (Fig. 2). Here 
we start with a halide of one of the alkalis. We furnish the heat of 
evaporation of the negative ions Sy, which leaves the positive ions as a 
solid having the same crystal structure as the halide. We want now to 
introduce into this cycle the heat of evaporation M of the positive ions 
from the crystal structure of the metal itself. We have thus first to go 
from one space lattice to the other. Let us call a the work involved in 
this transformation; then we can furnish the heat of evaporation M and 
obtain the positive ions in the gaseous state. The energy Vrx will[be 
given off if we condense the ions into the crystal RX. It is easy to see that 


Sr=M+a 


(RX}-M— [RIX] 


Vax a 
— (RIK) 


Fig. 2 


and from Fig. 2 we deduce 
Vax =M+at+Sx=Srt+Sx (4) 


Both Sz and Sx are unknown, but Vex has been calculated and measured. 
Born® calculated it as an electrostatic problem and his results agree within 
a few percent of the experimental values deduced from thermochemical 
data. In our calculations we used the experimental values given in 
Table II. 


TABLE II 


Grating energy of the alkali halides, in kg-cal/mol. 
Cl Br I 
Na 183 170 159 
K 165 154 144 
Rb 161 151 141 
Cs 156 146 137 


Born’ gave a theory of the heat of hydration of gaseous ions from which 
he calculated the potential energy of the ions in water and in vacuum. 


* M. Born, Atomtheorie des Festen Zustandes, pp. 750-751; and 
Grimm, Zeit. f. Phys. Chemie. 102, 113, 504 (1922) 
7 Born, Zeit. f. Phys. 1, 45 (1920) 
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The difference between these two values gives the heat of hydration, 
which is known experimentally. He can thus deduce the radii of the 
ions in the following way. The potential energy of an ion in a dielectric 
is given by 


(S) 


where ¢ is the dielectric constant and e the charge of the ion of radius r. 
The values of r calculated from (5) are given in Table III. 


TABLE III 


Radius of the ions’ from heat of hydration 
lon; Nat Kt Rb* Cs* Br- 
rX10%8cm: 1.59 2.00 2.24 2.22 2.13 2.41 2.88 


We can apply the same calculation to crystals. Let us call r, and r, the 
radii of the positive and negative ions respectively. We can then write 
e?/2r,—e?/2r,e=Sr=M+a (6) 
. (7) 

Dividing (6) by (7) gives 
Sr/Sx (8) 


If we replace Sx in (4) by its value taken from (8) we obtain 
M (9) 


and finally replacing M in (3) we obtain 
+a (10) 


Everything on the right hand side of (10) is known except a, but we shall 
see that with our present knowledge of Vz and Vex the omission of a 
is not of any importance. 

The values of Sz calculated from (9) are given in Table IV. 


TABLE IV 


Heat of evaporation of positive ions in kg-cal/mol. 
Cl Br I Average Volts/ion 

Na 104 102 102 102.6 = 4.44 
K 85 &4 85 84.6 = 3.67 
Rb 78 78 79 78.3 = 3.39 
Cs 79 76 77 77.3 = 3.34 


It can be seen that the different values obtained for a given metal and 
various halogens do not differ greatly and that the variations do not seem 


to follow any regular law. (This may be due to our inaccurate knowledge 
of the constants involved.) On the other hand, a must be of the order of 


— | 
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magnitude of the difference between the values of Sx for two different 
halogens. We thus see that the omission of a does not affect the results. 

The values of L (calculated on the assumption that a=0) are given 
in Table V. 


TABLE V 


Values of L in kg-cal/mol. 
Cl Br I Average Cale. Obs. 
(Volts/electron) 


Na 41 43 43 42.3 = 1.83 1.82 
K 35 36 35 35.3 = 1.53 1.55 
Rb 37 37 36 35.6 = 1.54 (1.45) 
Cs 29 32 31 30.6 = 1.34 1. 36 


The last column gives the value of L in equivalent volts/electron as 
measured experimentally by thermionic emission or by the photo- 
electric effect. 


CONCLUSIONS 


The calculated values of L in Table V check with the observed values 
within 3 percent except for Rb. The heat of evaporation of electrons 
has not been measured for this metal but we have good reasons to believe 
it to be 1.45 volts. However, a small error on the sublimation heat of 
Rb can explain the rather large error occurring in the calculated value 
of L for Rb. 

It seems thus that the assumption of space lattices for electrons in 
metals gives us a good explanation of various properties of the metal 
even if it does not allow actual solution of every problem in this field. 


WESTINGHOUSE RESEARCH LABORATORY, 
September 20, 1924. 
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ON THE MOMENTUM IMPARTED TO ELECTRONS 
BY RADIATION 


By E. O. Hutsurt Anp G. Breit 


ABSTRACT 


Theoretical deflection ofa beam of electrons by electromagnetic radiation.— 
Assuming (a) the theorems of conservation of energy and momentum and (b) 
the agreement of the light quantum theory with the wave theory in their 
estimates of the radiant energy scattered in various directions from a beam of 
electromagnetic radiation by a group of electrons, it is shown that the total 
momentum transferred to the electrons is the same on both theories and that 
Av/v = (89/3) (e*/m'cv")lp, where I is the distance traveled through radiation 
of density p, and ¢, m are in e.s.u. Even under very favorable conditions 
Av/v is only about 10~“J, hence the deflection of the beam of electrons would 
be too small to detect experimentally. In case only certain electrons are de- 
flected, experimental arrangements such as are used to observe fish tracks may 
make these visible. 


ONSIDERABLE attention has been drawn recently to the interac- 
tion between radiation and free electrons by the experiments of A. H. 
Compton! on the softening of x-rays due to scattering and by the experi- 
ments of C. T. R. Wilson? and Bothe? on “‘fish tracks.”’ It is our purpose 
to discuss below the relation to Compton’s views of an experiment which 
Sir J. J. Thomson suggested many years ago and also to point out some 
general conclusions as to the applicability of the Correspondence Principle 
to the problem here considered which follow from theorems of conserva- 
tion. The problem proposed by J. J. Thomson was that of determining 
whether a beam of electromagnetic radiation produced an observable 
effect upon a stream of electrons. The experiment was tried by H. A. Wil- 
son but the results were not published. Professor Wilson has kindly 
stated in a letter that the experiment indicated that the radiation prob- 
ably produced no noticeable action on the electron stream. More 
recently C. J. Lapp‘ carried out a similar experiment and obtained what 
we regard as a similar negative result, although the experiment is a 
troublesome one, the elimination of spurious and secondary effects being 
difficult. 


‘ A. H. Compton, Bull. Nat. Res. Council, No. 20, p. 19 (1922); Phys. Rev. 21, 207 
and 483, (1923); 24, 168 (1924); A. H. Compton and J. C. Hubbard, Phys. Rev. 23, 
439 (1924); cf. also P. Debye, Phys. Zeits., April 15, 1923. 

*C. T. R. Wilson, Proc. Roy. Soc. A 104, (Aug. 1, 1923) 

* W. Bothe, Zeits. f. Phys. 16, 319 (July 19, 1923) 

‘C.J. Lapp, Phys. Rev. 20, 104 (1922) 
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In an approximate calculation based on classical electrodynamics one 
of us® found that the deflection of a moving electron subjected to intense 
electromagnetic radiation is too small to permit of probable experimental 
detection. In the analysis radiation from the accelerated electron was 
neglected, and further consideration has shown that effects similar to 
those of radiation pressure are likely to be present. It is the purpose of 
the present paper to treat the problem in a more complete fashion from 
both a classical and a “light quantum” standpoint. 

By the expression classical theory we mean the usual theory which 
assumes that the effects of a number of monochromatic wave trains on an 
electron are superposable. A more general theory would question this. 
Such a generalized view is suggested by considerations on the kinetic 
energy of free electrons in black-body radiation.’ Since it is very likely 
that the total momentum transferred to the electron is the same on both 
views in the region of long wave-lengths, only the restricted theory 
will be dealt with in this paper. 

In order to facilitate an exact calculation which takes into account 
relativity effects, since no matter how large the velocity of the original 
electron stream may be, the velocity of light with respect to it is always 
the universal constant c, it is advantageous to refer phenomena to axes 
fixed in the moving electron stream. Thus we consider a stationary collec- 
tion of electrons and the scattering produced in them by a beam of radia- 
tion. 

In some treatments of Compton's theory definite pictures of electrons 
and quanta are used.’ So far as the question discussed here is concerned, 
however, no specific assumption as to shape need be made. It is necessary 
to use only the laws of conservation of energy and momentum. 

Let the direction of the incident radiation be that of the axis of X. In 
the region of long wave-lengths the direction of the scattered radiation 
must be symmetrical with respect to a plane normal to the incident beam 
as this is required by the classical wave theory for a weak incident beam. 
Therefore on the light quantum theory also the same must be true. By 
the law of conservation of momentum the momentum M imparted to 
the electrons is given by 


(1) 
where G, and G: are the momenta of the quanta before and after incidence, 


*E.O. Hulburt, Phys. Rev. 21, 650 (1923) 

© Paper by G. Breit to appear in the Phil. Mag. 

'Frank W. Bubb, Phys. Rev. 24, 177 (1924); G. E. M. Jauncey, Phys. Rev. 22, 
233 (1923); L.S. Ornstein and H. C. Burger, Zeits. f. Phys. 20, p. 345. 
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respectively. But as we have just explained, in the region of long wave- 
lengths 
G:=0, (2) 
hence M =G,. (3) 
Therefore, since |G,| =E,/c, (4) 
where E£, is the total energy of the quanta before incidence, we have by (3) 
|M|,=E,/ce (light quantum theory). (5) 
It is easily shown, however, that on the classical theory the relation of 
the mechanical momentum imparted to the electron to the energy 
scattered is 
|M|.=E/c (wave theory). (6) 
Since, by assumption, the Correspondence Principle holds for the total 
amount of energy scattered 
E,=E, (7) 
and therefore by (5) and (6) 


|f|,=|M|., (8) 

which proves the statement made. 
Considering the action of a plane wave on an electron and taking 
into account first order effects alone, it will be shown*® by working 
out the equations of motion that if the electron should be traveling 


with a speed v through a distance / in a direction perpendicular to that 
of the propagation of the wave, the change in its velocity Av is given by 
Av/v =8re*pl/3m'ctv? where p is the energy density of the wave and m,e, 


are respectively the mass and charge of the electron (in electrostatic 
units). 


Denoting the position of the electron by x, y, z, the equations of motion 
are: 
mx — (2/3) E.+(1/c) (vyH,—xH,)} 
my — (2/3) (e?/c*) y= (e/c)(sH.—<xH,) (9) 
mz — (2/3) (e?/c*) =(e/c)(xHy—yH z) 
where E and H are the electric and magnetic intensities respectively. 
With a sufficient approximation it follows from the third of these that 


ms =(e/c) Hat , 
which may also be written 


ms SJ at (10) 


* Let the wave be propagated in the direction of the axis of Z, the direction of the 
electric intensity being along OX. 
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because in a plane wave E,=Hy,. Multiplying the first of the three 
equations (9) by x and neglecting the second term on the right, we find 
by partial integration for the case of a periodic solution that 


S (e/c)x Esdt =(2/3) (e?/c*) J (2/3) 


But E2=4np. Therefore by (10) 


mAv = mz P = (87/3) (e4p/m*c*) . 


Since t:—#:=1/v, it follows that 
Av/v = (82/3) (e4p/mic*)l/v? . (11) 


Assuming the very favorable conditions pc = 1000 watts/cm? and v= 
10° cm/sec and taking the usual values for e, m, c, it is found that Av/o= 
2x 10-4], 

Now, we may assume that an agreement of classical and light quantum 
theories for the amount and direction of scattered energy implies also an 
agreement between the two theories for the total amount of momentum 
transferred to the electrons, since it may readily be shown that this is 
actually the case in the region of long wave-lengths, i.e., in the region in 
which an agreement between the two theories can be expected. There- 
fore experimental detection of the deflected beam must also be difficult 
if the phenomenon is governed by light quanta even though the individual 
deflections of the electrons may be large, because in this case the number 
of deflected electrons must be very small. 

If however an experiment is devised in such a manner as to have under 
observation a very large number of electrons there may be a fair theoret- 
ical chance of observing deflections. Such conditions are realized in 
experiments on fish tracks, the number of electrons per cm? being of the 
order 10°°. 


NAVAL RESEARCH LABORATORY DEPARTMENT OF TERRESTRIAL MAGNETISM, 
WasaincTon, D. C. (E. O. H.) CARNEGIE INSTITUTION OF WASHINGTON, 
WasuincrTon, D. C. (G. B.). 
October 6, 1924. 
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A SHORT WAVE X-RAY SPECTROGRAPH AND SOME 
K SERIES EMISSION WAVE-LENGTHS 


By J. M. Cork 


ABSTRACT 


Transmission type spectrograph for short x-rays.—The spectrograph des- 
cribed is similar to that used by Rutherford and Andrade for y rays. A calcite 
plate 1.6 mm thick ground with the faces perpendicular to the (100) planes 
was placed midway between two slits, through one of which (3 mm wide) 
it was illuminated with x-rays from the source, and through the other (.15 mm 
wide) the rays reflected from (100) planes on both sides of the axis passed to 
the photographic plate. A strip of lead at the middle of the crystal intercepted 
the direct beam. The advantages of this spectrograph are (1) that all uncer- 
tainty as to the depth of penetration into the crystal is eliminated; (2) lines 
are obtained whose sharpness is independent of the distance of the photo- 
graphic plate; (3) all the lines of the K series are obtained simultaneously 
without crystal rotation; and (4) the time of exposure may be greatly reduced 
by placing the crystal close to the source of the rays. 

Wave-lengths of K series emission lines for Ba, La,Ce, Pr, Nd, Sm, Gd, Ds, 
Er and W.—The substance under investigation was placed on the copper target 
of a special water cooled tube with both electrodes removable at ground joints. 
The lines for each element were photographed together with tungsten lines, 
on both sides of the zero position. The probable error is about .1 X units 
for Ka’, Ka and Kf and .3 for Ky. 


HE K emission lines of elements having atomic numbers 50 to 60 
were measured by Malmer' with evident inaccuracies. Above atomic 
number 60 accurate measurements appear to have been made only upon 
tungsten and platinum. This paper is a preliminary report of measure- 
ments made upon elements in this field. 


APPARATUS 


X-ray tube. The x-ray tube was a special water-cooled hot-cathode 
tube. Both anode and cathode were removable at ground glass joints. 
The diameter of the bulb at the target was 7 cm, so that the distance 
between target and crystal was only about 12 cm. A thin glass window 
was blown in the bulb to reduce the absorption of the glass. The vacuum 
was maintained during operation by a two stage mercury vapor pump 
and liquid air trap. The tube punctured occasionally under the high 
voltage, especially if the walls became coated with sputtered metal. 

The compound containing the element under investigation was gen- 
erally reduced to the oxide by heating and was rubbed upon the copper 


* Malmer, Dissertation, Lund, 1915 
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face of the anode. In case it would not adhere to the copper it was mixed 
with shellac, and the volatile part of the shellac driven off by heating. 
In normal operation no glow appeared in the tube, and the powder would 
remain on the target indefinitely. Good spectrograms were obtained 
with from two to five milli-ampere hours, varying with the element. 
The tube current varied from one half to one and one half milli-amperes. 

Spectograph. A diagram of the spectrograph showing the geometry 
of operation is given in Fig. 1. It is similar to that used by Rutherford 
and Andrade? for y rays, with a narrow slit S, (.15 mm) placed between 
the crystal and photographic plate. Sj; is a coarse slit of width 3 mm. 
The crystal was of calcite, about 2 cm wide, ground so that the (100) planes 
were at right angles to the crystal faces and parallel both to the slit S, 


LEAD PLATE CRYSTAL LEAD PLATE 


Fig. 1. Detail of reflection for a particular wave-length. 


and the axis of the spectrograph passing through the centre of both slits. 
The direct beam was prevented from passing through S: by covering the 
centre of the crystal with a slip of lead. The photographic plate holder 
was placed perpendicular to the axis of the spectrograph so that the dis- 
tance between the plate and S; was 42.278+.002 cm. The uncertainty 
which is usually encountered in measuring this distance due to the pene- 
tration of x-rays into the crystal, is here avoided. The width of lines on 
the photographic plate is determined by the width of the slit S, and is 
independent of the distance to the photographic plate. 

The crystal was placed midway between the slits S; and S:, 6 cm from 
each. In taking a spectrogram, S, was placed very close to the x-ray 
tube and at such an angle that one whole side of the crystal was exposed 
to incident radiation, thus giving the complete spectrum on one side of 
the zero line with no rotation of the crystal whatever. The thickness of 


* Rutherford and Andrade, Phil. Mag. 28, 263 (1914) 
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the crystal used was 1.6 mm. For best results the crystal thickness 
should be determined by the average wave-length being reflected. The 
expression for the optimum thickness ¢ may readily be shown to be t=y~! 
cos6 where yu is the effective absorption coefficient of calcite at the angle 
for maximum reflection. This quantity would consist of the ordinary 
absorption coefficient plus an additional extinction’ effect. 

One possible chance for error would be warping or irregularities in the 
crystal. To check this the crystal was mounted upon a table which 
could be rotated 180°. Thus photographs could be taken with the 
crystal in both positions and any warping or irregularities would result 
in different distances between lines on opposite sides of the zero position 
for a given wave-length. Such differences were not observed. 


Fig. 2. K series lines praesodymium (59).* 


RESULTS 


Fig. 2 shows a typical spectrogram obtained with the apparatus. The 
tungsten lines were put upon each plate unless they interfered with the 
unknown lines. This particular figure is that for Praesodymium (59), 
and besides the tungsten lines, are seen the lines of tin on one side, due 
to some solder being exposed on one edge of the target face. Many of the 
photographs showed spectral lines of impurities fairly strong. 

Table I contains a list of the wave-length values found for the different 
elements. At least two plates were taken for every element. The 
results for tungsten are average values from measurements on fourteen 


* Darwin, Phil. Mag. 43, 800 (1921) 
*a to the left above “Pr” should be a’ 
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different plates. For the lattice constant of calcite the value log 2d 


= .7823347 was used. 
Distances were measured on the plates between similar lines on op- 


posite sides of the zero position, a distance of 1 cm representing about 
0.07 angstrom units. Measurements were made upon the a’, a and 8 
lines with a probable error of +.0012 cm representing an error of +0.08 
X unit. For they lines of many of the elements the uncertainty may have 


been three times as large. 


TABLE I 
Wave-lengths in X units of K series lines 


Element a’ a 
56 Ba 389.45 384.8: 340. 66 332.62 
$7 La 375. 370. 327.99 319.57 
58 Ce 301. 356.7. 315.75 307.32 
59 Pr 348. 343. 304. 296.55 
60 Nd 336. 331. 293.3. 286.15 
62 Sm 313. 308.75 265.72 
64 Gd 293. 287. 254. 248.01 
66 Ds 274. 209. 238. 231.53 
68 Er 256.95 251. 222. 216.93 
74W 213. 208. 184. 179.07 


It may be observed that in this spectrograph almost a linear relation 
exists between the distance between corresponding lines and the wave- 
length the lines represent, since the distance between lines is proportional 


to tan 6 while the wave-length is proportional to sine @ and for small 
angles the sine and tangent are practically the same. 

This opportunity is taken to express thanks to Dr. G. A. Lindsay for 
helpful suggestions given during the work. 


Puysics LABORATORY, 
UNIVERSITY OF MICHIGAN, 
Sept. 2, 1924. 
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POSITIVE RAYS PRODUCED BY ULTRA-VIOLET LIGHT 
Lee A. DuBRIDGE 


ABSTRACT 


Experimental test for positive photo-electric emission from Au, Cu and Al.— 
Following the announcement by Dember in 1909 that positive emission had 
been observed, an attempt was made to verify its existence under improved 
conditions. His experiment was repeated using light from a quartz mercury arc 
and curves similar to his obtained. It was found, however, that when proper 
precautions against scattered light effects were taken, no true positive current 
could be detected from Au, Cu or Al surfaces, and it is shown that the Dember 
effect may be accounted for on the basis of spurious currents due to scattered 


light. Outgassing of the surface failed to cause the appearance of any positive 
current. 


N 1909 Dember' found that if a metal plate were exposed in vacuum 
to radiation from a quartz mercury arc and a proper accelerating 
field applied, a receiving cylinder placed a few millimeters from the plate 
slowly acquired a positive charge. He attributed the effect to the emis- 
sion by the metal plate of a small number of positive ions produced by 
the action of the ultra-violet light, thereby pointing to the possible exis- 


tence of a positive as well as a negative photo-electric current. No 
attempt to study this effect further seems to have been made since 1909.? 
lt seemed worth while, therefore, to repeat Dember’s experiment using a 
somewhat different method, and to study the nature and behavior of 
these positive carriers should their existence be verified. 


DEMBER’S EXPERIMENT 


Dember’s apparatus is indicated in Fig. 1. The perforated plate P of 
the metal under test (gold, zinc, copper, aluminum and magnesium 
plates being used) is placed in front of a quartz window in a vacuum tube. 
The metal grid N is connected to a set of small batteries and given a 
positive potential so that positive carriers emitted from the plate will 
be driven through to the receiving plate C, which is connected to an 
electrometer. When light was admitted through the quartz window the 
electrometer indicated a small positive current, which, when plotted as a 
‘unction of the voltage on N, gave a curve of the type shown in Fig. 2. 
The currents were exceedingly small, being of the order of 1.4 10-“ amp., 
which was only 1/1000th as great as the ordinary negative photo-current, 


‘ Dember, Ann. der Phys. 30, 137 (1909) 
*Cf. A. L. Hughes, Bull. Nat. Res. Coun., Apr. 1921, p. 125. 
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which could be measured simultaneously by the galvanometer connected 
between the plate and the grid. 


It is evident that such a positive current might be due to any one of 
three possible effects. (1) The photo-electrons from P might produce 


Light 


Fig. 1. Diagram of apparatus used by Dember. 
P. metal plate; N, grid; C, receiving plate; G, galvanometer; HR, high resistance. 


ions by collision with the residual gas between N and P. (2) Light 
scattered from the surface of the plate P might strike C producing a 
small ordinary photo-electronic emission from it. (3) There might be an 
emission of positively charged ions from P. 


7 
O 8 16 24 32 40 
Grid Volts 


Fig. 2. Relation between positive current to receiving plate and grid voltage, as 
obtained by Dember. 


The first of these effects Dember obtained independently by working 
at pressures as high as .001 mm Hg with the plate and grid several 
millimeters apart. Under these conditions ionization of the residual gas 
set in suddenly at a grid voltage of about 20 volts, positive, causing the 
curve shown in Fig. 2 to rise sharply at this point. This effect, however, 
was independent of the one he was studying which persisted even at the 
lowest obtainable pressures (8 X 10-* mm Hg) and with the grid and plate 


| 1 


POSITIVE RAYS PRODUCED BY ULTRA-VIOLET LIGHT 203 


only 2 mm apart. He therefore excluded (1) as a complete explanation 
of the effect. 

Dember dismisses the second possible explanation of the effect on the 
ground that a photo-electronic emission from the plate C should be inde- 
pendent of the voltage on N, while his curves show that the effect depends 
directly upon this voltage. He therefore concludes that (3) is the true 
explanation and that a positive photo-electric effect does in fact exist. 

In order to further study this effect, D. M. Bennett in 1921 designed 
and constructed a tube in this laboratory which, it was thought, would 
more definitely eliminate the possibility of spurious scattered light effects 
and make it possible to study only the true positive current. He was 
forced to give up the work, however, before conclusive results could be 
obtained, and so the plan of his tube was taken over and used by the 
author for the earlier part of this work. 


APPARATUS 


A diagram of the tube used is shown in Fig. 3. Light from a quartz 
mercury are is focussed through a quartz lens on to the plate P of the 


Light 


= 


Fig. 3. Diagram of tube used. 

P, metal plate; B-C, grids; D, receiving plate; E, absorbing cone for reflected light. 1. 
metal under test. The two perforated metal grids B and C are insulated 
‘rom each other. The receiving plate D is connected to an electrometer. 
\n accelerating potential for the positive carriers may be applied between 
? and B thus driving them through the grids to D. In order to prevent 
‘he emission of electrons from D under the action of scattered light, the 
-rid C could be given a small negative potential. This potential could 
© sufficient to prevent electrons from leaving D but yet not large enough 
‘» establish a field between C and D great enough to stop the positive 
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carriers from P, if they had been given a sufficiently high velocity be- 
tween P and B. 

The two grids B and C were necessary in order that C might be com- 
pletely shielded from scattered light, and they proved useful in giving 
greater flexibility in altering the fields between P and B. The shielding 
of C was accomplished by making the perforations in C slightly larger 
than those in B and concentric with them, and then placing the two 
plates very close together. Shielding C in this manner eliminated the 
possibility of stray light causing an emission of electrons from this plate 
which would find their way to D and thus mask any true positive current 
from P. In order to reduce further the possibility of scattered light 
effects the plates B, C and D as well as all other metal parts within the 
tube except P were made of nickel whose photo-electric sensitivity is 
fairly low in the range of the quartz mercury arc. 

The plate P used for the first runs consisted of a very thin (barely 
opaque) film of gold cathodically sputtered onto a plate of French plate 
glass. This gave a very smooth and very excellent reflecting surface 
so that light incident upon it would be reflected directly into the absorb- 
ing cone E with a minimum of scattering. For later runs solid plates of 
gold, copper and aluminum were used, the incident face in every case 
being carefully cleaned and polished in order to give as good a reflecting 
surface as possible. 

The tube was connected to an evacuating system consisting of a mercury 
diffusion pump backed by a Cenco Hyvac pump. All runs were made at 
pressures very near to 10-7 mm Hg as measured by a McLeod gauge. 
The usual liquid air trap was employed to condense out mercury and 
other vapors and precautions were taken to keep the tube free from wax 
vapors. 

In order to make the tests as sensitive as possible an electrometer of 
great sensitivity was required. The one used was of the Compton tilted 
needle type.* A quartz fibre sputtered with gold was used as a conducting 
suspension. With the fibre used the maximum sensitivity at which the 
system was stable was 40,000 mm per volt at a scale distance of 1.3 m, 
using a potential of 60 volts on the needle. For much of the work lower 

sensitivities were used but for the final measurements the maximum was 
employed. The capacity of the electrometer system as determined 
by the method of mixtures was 50 e.s.u. giving a current sensitivity of 


1.4 10-® coul./mm. 


°K. T. Compton, Phys. Rev. 14, 85 (1919) 
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RESULTS 


With the tube in this form a positive current similar to the one des- 
cribed by Dember was obtained. With an accelerating field for the 
positive carriers between P and B of 80 volts and with the grid C at a 
negative potential of 5 volts, the electrometer showed D to be acquiring 
a positive charge at the rate of about 10-* coul./sec. This was of the 
same order of magnitude as the effect obtained by Dember and was 
about 1/1000th of the negative current obtained when P was given a 
negative potential. Moreover when this current was plotted as a func- 
tion of the voltage on P (corresponding to the voltage on the grid N in 
Dember’s arrangement, Fig. 1) a curve very similar to the Dember curve 
shown in Fig. 2 was obtained. 

Further observations, however, showed that this current could not 
possibly be due to positively charged ions arriving from P, for the effect 
still persisted when B was given a positive potential greater than that 
of P. In this case positive carriers would be retarded and prevented 
from leaving P, while the negative carriers now accelerated between P 
and B could not reach D because of the larger retarding field between 
B and D. In other words, no current could now reach the receiving 
plate D from P. Since the effect still persisted under these conditions, 
the only explanation for it was that the receiving plate itself was losing 
electrons under the action of scattered light, in spite of the precautions 
which had been taken against this effect. It will be seen that the negative 
potential of C would cause any electrons leaving from the central portions 
of D to return, but that electrons leaving from near the edge of D might 
be driven to the side of the tube or to an earthed shield behind D. Elec- 
trons leaving the receiving plate in this manner would cause the elec- 
trometer to indicate a small positive current. 

In order to prevent this effect the plate D was surrounded by a nickel 
cylinder which was given the same potential as the grid C. The position 
of the cylinder is shown by the dotted line in Fig. 3. By applying a nega- 
tive potential to this cylinder, electrons could be prevented from leaving 
D in any direction while the high velocity positive carriers from P would 
not be affected. Since it was impossible to be certain that the entire 
cylinder would be shielded from scattered light as the grid C had been, it 
was necessary to determine whether there were any scattered light cur- 
rents between the cylinder and the receiving plate. This was accom- 
plished by cutting off all currents from P by giving B a high positive 
potential as before. When the cylinder was given a negative potential a 
small negative current to the plate was in fact observed and carefully 
measured as a function of the cylinder potential. A positive current of 
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somewhat greater magnitude due to electrons leaving D was observed 
when the cylinder was given a positive potential. Plotting these scattered 
light currents as a function of the voltage on the cylinder the curve shown 
in Fig. 4 was obtained. At no point were these currents large enough to 
mask a positive current from P, even though the current were only 1 per 
cent as great as the one observed by Dember. The Dember effect then, 
were it present, should appear as an upward shift of the entire curve 
when B was earthed and P given a high positive potential. 

On applying a positive potential of from 20 to 200 volts between P 
and B however, no shift of the curve could be detected at any point. With 
the cylinder voltage in the neighborhood of two volts negative, for which 
the net scattered light currents were practically zero, no positive current 
could be observed which would produce an electrometer deflection as 


Cylinder Voltage 


Fig. 4. Scattered light currents to the receiving plate as a function of the potential 
on the cylinder. 


great as 1 mm per minute. This meant that there was no positive current 
reaching D as great as 2X10~"7 coul./sec. The currents obtained by 
Dember were around 1.4X10-" or about 7000 times the above value, 
therefore his currents must be entirely accounted for on the basis of 
scattered light effects. These results were repeated with each of the 
metals used, Au, Cu and Al. 

Inasmuch as it is known that the ordinary photo-electric current is 
decidedly a function of the gas content of the surface under test, it was 
thought worth while to determine whether a positive current might 
appear as outgassing of the tube progressed. The entire tube was baked 
for eight hours at a temperature of 400° C with the pumps going continu- 
ously so that the pressure while the tube was at this temperature was 
reduced to less than 5X10-° mm Hg. After cooling the tube the mercury 
would stick to the top of the capillary of the McLeod gauge, indicating a 
pressure of less than 5X10-'mm Hg. After this first baking the scattered 
light currents (negative photo-currents) increased enormously but no 
positive current appeared, and none appeared after several such periods 
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of baking, during which time the scattered light currents again gradually 
decreased. Heating the plate to a bright red or yellow heat by high 
frequency induction also failed to cause the appearance of a positive 


current. Under no circumstances could a true positive emission from 
P be detected. 


DISCUSSION 


It will be remembered that an explanation for his results on the basis 
of a scattered light effect from the receiving plate was dismissed by 
Dember in his paper solely on the ground that such an efiect ought to 
be independent of the voltage on the grid. It was found by the author 
however that scattered light effects from the receiving plate were not 
independent of the plate potential, and that on plotting these effects as 
a function of the plate potential, curves very similar to those obtained 
by Dember were obtained. There was every indication of an appreciable 
penetration of the field between P and B into the space between C and 
D, (Fig. 3) especially when the former fields were large or when P and B 
were close together as they were in Dember’s arrangement. Assuming 
the Dember effect to be due to an electronic emission from his receiving 
plate, such a penetration of the field between N and P (Fig. 1) into the 
space between P and C might very well account for the slow rise in his 
current-voltage curves between 7 and 40 volts (Fig. 2). The rapid fall 
of the curves to zero below seven volts may be due not only to a decrease 
in the negative current from the receiving plate because of the smaller 
fields, but also to an increase in the number of electrons emitted from the 
perforated plate P (or perhaps from the grid N) which could find their 
way to C against the reduced retarding fields. Such an increase would 
reduce the net “positive” current, causing it ultimately to vanish. 

It seems evident from the above results that the Dember effect may 
be entirely accounted for on the basis of an electronic emission from the 
receiving plate due to scattered light, against which no precautions had 
been taken, and that when proper precautions against scattered light 
effects are taken the Dember effect disappears. We may conclude then 
that there is no measurable photo-electric production of either gaseous 
or metallic positive ions by the range of wave-lengths emitted by the 
quartz mercury arc. 

In conclusion I wish to express my appreciation to Prof. C. E. Menden- 
hall who suggested the problem and under whose direction the above 
work was carried on. 


Puysics LABORATORY, 
UNIVERSITY OF WISCONSIN, 
September 30, 1924. 
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NOTES ON SOME DIFFRACTION EXPERIMENTS 


By SATYENDRA Ray 


ABSTRACT 


Three simple diffraction experiments.—(1) Jn the crossed shadow of a rod 
and a wire grating, in a beam from a point source, the shadow of the lines of the 
grating tend to become normal to the rod, the dark lines broadening and the 
bright lines narrowing down toa point in the process of bending. (2) The pin 
hole image of a circular aperture crossed by a nuinber of parallel needles shows 
‘pin cushion” distortion. The bright lines narrow down near the ends where 
they meet the circumference and tend to become normal to the circumference. 
(3) A spherical edge introduced between a pin hole source and a lens causes un- 
symmetrical broadening of the image normal to the edges and also a consider- 
able deviation towards the shadow of the diffracted image. 


1. CROSSED SHADOWS OF GRATING AND Rop 


F a wire grating or a glass plate with a number of parallel lines on it 

be held in front of a point source of light and the shadow be received 
on a screen held parallel to the glass plate and a thin rod be held parallel 
to the plane of the grating between the source of light and the grating, 
the crossed shadow shows interesting diffraction effects near where the 
shadows of the rod and the wire grating meet. The black lines of the 
grating shadow broaden out, and the bright lines narrow down to a point, 
near the shadow of the rod. At the same time the lines curve round 
tending to become normal to the shadow of the rod. Owing to the chisel 
shaped indentations into the shadow of the rod caused by the bright lines 
of the grating, the shadow of the rod inside the grating presents a zig-zag 
appearance, as if it were composed of parallel bits inclined in a direction 
perpendicular to that of the rod. Fig. 1 gives a photograph of the effect. 
The photograph being taken directly on paper, the shadows show white. 
When the inclination of the rod is sufficient, as in Fig. 1B a line curving 
down from the top of the rod would meet the next line curving up from 
below, the dark lines broadening out and the bright lines narrowing 
down in passing through the shadow of the rod. The crossed shadow 
looks as if the rays of light grazing past the rod are deviated inwards 
towards the axis of the rod. 


2. PINHOLE CAMERA IMAGE OF CIRCULAR APERTURE CROSSED 
BY NEEDLES 


If the ball of a ‘‘point-o-lite’’ be focussed on a circular aperture over 
which a number of parallel needles are fastened and a pinhole image of 
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the wire grating thus formed be obtained, the image gives a diffraction 
effect near the circumference similar to that described in the preceding 
section. The ends of the shadows of the needles broaden out into brushes 
tending to become normal to the circumference of the circular aperture, 
while the bright lines narrow down and curve. The bright lines are 
continued outside the circumference as can be shown by a prolonged 
exposure of the plate. The curvature still tends to become normal to 


Fig. 1. Photographs of crossed shadows of a wire grating and a rod. 
Fig. 2. Pin hole camera image of a circular aperture crossed by needles. 


Fig. 3. Lens images of a point source, as spherical edge is introduced between the 
source and the lens. 


the circumference. Figs. 2A and 2B give photographs of the image, 
which bring out the distortion mentioned and show the prolongation of 
the bright lines outside the circumference. 

The image thus experiences a pin cushion distortion close to the edges. 
This is remarkable in as much as we get a “barrel” distortion when the 
the pin hole is too wide. The change from the “‘barrel’”’ to the ‘“‘pin 


3 
Fie. 1A 
4 Fire. 1B Fic. 2A 
Fic. 2B (5) 
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cushion” distortion can be seen with an iris diaphragm substituted for 
the pin hole. When the aperture of the diaphragm is large compared 
with the object only the two elements of the circumference diametrically 
opposite to each other, which are parallel to the needle, are effective, and 
we get two images due to straight edges of the kind described by the 
author in the Philosophical Magazine of July 1923. The images are 
slightly curved, following as they do the curvature of their respective 
image producing edges; and this curvature is naturally of the “barrel” 
distortion type. When the aperture is gradually diminished the two 
images gradually approach each other, overlap and ultimately coalesce. 
It is this coalescence which gives us the sharp image due to the pinhole. 


3. Lens IMAGE oF A Point Past A SPHERICAL SURFACE 


If a pinhole illuminated by a “point-o-lite’’ be used as a source and a 
real image of it be formed by a long-focal-length telescope objective 
having a diaphragm of small aperture in contact with it to insure a very 
thin pencil being used, the introduction of a straight or spherical edge 
midway between the object and the lens produces interesting effects. 
The spherical ball is initially placed so that its shadow completely clears 
the edge of the diaphragm. As it is then gradually moved into the pencil 
by means of a micrometer screw, the image slowly broadens out into an 
elliptic shape and splits gip into three bands. There is also a deviation, 
the diffracted image being slowly pushed into the region of the shadow. 
With a meter focal length lens, diaphragm aperture of 1.5 mm diameter, 
and a steel ball of 1 in. radius, the real images of a pinhole at a distance 
of 2 meters from the lens were photographed for various positians of 
the ball. When the diaphram of the lens was well within the shadow 
of the spherical ball, the ball was removed and the last plate was ex- 
posed again to show the position of the undeviated spot of light on the 
same plate. Fig. 3 gives the different stages of the experiment 
magnified over twice to bring out the character of the fringes. 


Unversity OF LUCKNOW, 
July 25, 1924. 
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VARYING SENSITIVENESS OF GALVANOMETERS 


ON METHODS OF VARYING THE SENSITIVENESS OF 
BALLISTIC GALVANOMETERS 


By Morton Masius 


ABSTRACT 


Methods of changing the sensitiveness of ballistic galvanometers in a 
definite ratio by the use of shunt resistance—When a condenser is dis- 
charged through a ballistic galvanometer and then the same discharge is used 
with the same galvanometer when shunted, the ratio of the throws depends 
partly on the reduced charge going through the galvanometer and partly on 
the damping produced by the shunt. General formulas for this ratio have been 
obtained in terms of a galvanometer constant mo and the ratio n of the shunt 
resistance to that of the galvanometer. If it is desired to reduce a given throw 
to either one-fifth or one-tenth of the original value, the shunt resistance 
required for this purpose may be obtained from a table, which is given, pro- 
vided the resistance of the galvanometer is known, and also the shunt resistance 
required to reduce a given throw to one-half, which is readily found by trial. 


INTRODUCTION 


HEN the throw of a ballistic galvanometer is reduced by the addition 
of either series or shunt resistance, the calculation of the reduced 
throw requires two considerations. The charge passing through the 
galvanometer is less than it was originally and may be calculated from 
the original charge and the resistances involved, and the additional resis- 
tance produces a change in damping which also affects the throw. 
Four cases may arise, depending on whether series or shunt resistance 
‘s used, and whether the charge is electromagnetically induced or obtained 
trom a condenser. The first case, that of a throw due to an electromag- 
netically induced charge being reduced by series resistance, has been 
considered in a previous paper'; series resistance (second case) has no 
effect on a condenser discharge; the remaining two cases will be considered 
n this paper. 
In all these considerations it is assumed that the ballistic galvanometer 
‘s of the moving coil type, that air damping is negligible compared with 
electromagnetic damping, and that the galvanometer is not equipped 
with a special damping coil. 


I. 


CONDENSER DISCHARGE; SHUNT RESISTANCE 


General formula. If we write the equation of motion of the galvan- 
ometer in the form 


d*6/dt?+a d6/dt+bé=0 , 
\lorton Masius, Phys. Rev. 23, 649 (1924) 
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solve for @,,, the maximum value of 6, and, since we are concerned with 
relative values only, replace 6 by the throw D, we get for the undamped 
galvanometer taking the full charge Q from the condenser 


(1) 
where Qg is the initial velocity of the motion. The throw d obtained 
with a shunt across the galvanometer will be of one of the following three 
types: 

d= (Q, / 4x) tan-'(4e aT) (2) 


d=2,/eV/b (3) 


oa) (Cea) x 


where Q, is the initial velocity, 7 is the period given by 


T =24/Vb—a?/4 
and A and B are constants given by the relations 
A=}a, B= y/a?/4-b. 

Eq. (2) represents the case where the motion remains periodic, although 
the presence of the shunt introduces some electromagnetic damping, 
Eq. (3) is the case where the shunt resistance produces critical damping, 
and Eq. (4) is the case where, in the presence of the shunt, the galvan- 
ometer is overdamped (more than critically damped). In addition to 
these equations we always have 
because the initial velocities Qg and , are proportional to the charges 
Q and Q, passing through the unshunted and shunted galvanometer, and 
these charges, like currents, satisfy the relation 

Q,=QS (G+S), 
if G is the resistance of the galvanometer and S the resistance of the 


shunt. 
Introducing the parameter nm defined by 


n=SG 
we have the general relation applying to all three cases 
Q,=Qoen/(n+1) . (5) 


If we now introduce a second parameter m defined by 
a*/4=mb 


2 
— | 
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we get, after various reductions, from (1), (2), and (5) 
(n+1) 


d n 
and from (1), (3), and (5) 
D/d=(n+I1)e/n (3a) 
and lastly from (1), (4), and (5) 
1 
(4a) 


d n 


The quantity 6 is obviously the twisting moment of the suspension 
per unit twist divided by the moment of inertia of the moving system. 
Hence 5 is a mechanical constant for a given galvanometer. The quantity 
1 is obviously the moment of force per unit angular velocity divided by 
the moment of inertia of the moving system. It is readily seen that 
ad@/dt is proportional to the induced current, and hence a must be in- 


versely proportional to the resistance, not of the galvanometer alone, but 
of the whole circuit. Let 
=a/R. 


|f we now suppose the galvanometer to be shunted by a short thick wire, 


R will be the galvanometer resistance G alone. Denoting this value of 
m by my we have 
a*/4G?=mob . 


lt is seen that mp is a characteristic constant of the galvanometer itself, 


and that it is independent of the other parts of the circuit. 


|f we now suppose a shunt resistance S to be used, we have 
a’? 4(1G+S)?=a? [4G2(n+1)?] =mb. 


ind therefore 


m=mo/(n+1)* . (6) 


(his is a general relation for any value of m. Introducing this value 


of m in the equations (2a), (3a), and (4a) we finally get 


D = Vv [(n+1)2— mo V m, (2b) 
d n 
D n+1 
—= (3b) 
d n 


don (n+1) 


* In Eq. (5) in previous paper, |. c.6 p. 652, the derivation of which is similar to 


‘nat of the present Eq. (4b), the numerator should read 
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These relations give the ratio of the original throw D to the throw with 
shunt, d, in terms of two parameters only, viz., mo, which is a charac- 
teristic constant of the galvanometer alone, and m, which represents the 
ratio of S, the resistance of the shunt, to G, the resistance of the gal- 
vanometer. 

For weakly damped galvanometers, for which m)<1, the calculation 
is always by formula (2b), case A. 

For critically damped galvanometers, i.e., critically damped when 
shunted by a short thick wire of negligible resistance, for which m,=1, 
the calculation is always by formula (2b), case B. 

For strongly damped galvanometers, for which m»>1 (case C) we use 
formula (4b) if 2 is small (70/(2+1)?> 1, case C,); for the intermediate 
case where n is such that ()/(m+1)?=1, case C2), we use formula (3b), 
and for large values of m, (mo/(m+1)?<1, case C3), we use again formula 
(2b). 

To find my we note that in case A, where the motion is always periodic, 
my may be found by shunting the galvanometer by a wire of negligible 
resistance, allowing the galvanometer to vibrate, and observing the 
gradual decrease of the throws. For my we have the relation 

my = (42+?) 
where J is the logarithmic decrement. 

In case B the galvanometer is critically damped when shunted by a 
wire of negligible resistance. Here my=1. This case is theoretically 
possible, and probably in practice many galvanometers will be found 
which approach this case. The chance of finding a galvanometer strictly 
belonging to this class is infinitesimal. 

The most important case for modern moving coil galvanometers is 
undoubtedly case C. Here we may proceed for the determination of 
my as follows. Since m=m)/(n+1)? and since here m > 1, it must be 
possible to find a value of S and therefore of m that will make m equal 
to unity. Denoting this particular value of m by m, we have 


mo=(n-+1)?. 
In other words, to find my in case C, determine the critical resistance S,, 


i.e., the resistance that will make the galvanometer critically damped, 
then the mp is given by 


mo = (S./G+1)?=(n.+1)?. 


Since the exact determination of S, by trial may prove laborious, the 
following method, in practice, may seem preferable. Choose any con- 
venient resistance S; large enough to give a decidedly periodic motion; 


4 
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it is best to try to make the damping ratio about equal to e=2.718. 
Then, since 


a?/4=mb=a?/4G?(n+1)? 


a*/[4G?(n.+1)?] =b 
a?/[4G2(n;+1)2] 


we may write 


and hence 
(me+1) = (mi +1)/m , 


and m; may be obtained from the logarithmic decrement as above in 
case A. 

Reduction of throws in a known proportion. In the preceding it has 
been shown how D/d may be found for any values of m, and n. If, how- 
ever, the problem is to reduce a throw in a known proportion, i.e., to 
find the value of which, for a given mo, will give to D/d a given value, 
the calculation is not very simple since the Eqs. (2b) and (4b) cannot 
readily be solved for n. 

A simple solution of this problem rests on the following considerations. 
The effect of the damping is not very different from an added resistance 
which is nearly constant. Considering this for the moment as constant 
and denoting this effective ballistic resistance by B, we would have 


Q,=QS/(B+S) , 
d=DS/(B+S) , 
and D/d=(B+S)/S . 


It is now readily seen that, if we denote the value of S that makes 
D/d equal to 2 by Ss, and similarly the values of S that make D/d equal 
to 5 and 10 respectively by S; and So, we should get 


S2/S3= ne! /ns' =4 
and S2/S10 = ne! =9 
where no =S2/B, =S;/B, myo’ =Si0o/B. 


Now, in reality, B is not quite constant, and hence, if we use the sym- 
bols nz=S2/G and n;=S./G, n2/ns will not be exactly 4, nor will m2/mio 
be exactly 9. If, however, we take many different galvanometers, all of 
which have different values of mz and compute for every one the values 
of no/ns and n/n, we shall get a set of numbers that do not differ 
greatly from 4 or 9. This is shown in the table on page 216. 

Since, for a given galvanometer, its own resistance G as well as the resis- 
tance S: of that shunt that will reduce a given throw to one half of its 
value, can readily be found, mg can be easily determined for any gal- 
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n2/Ns 
4.000 9.000 
3.984 8.950 
3.958 8.869 
900 8.721 
. 880 8.611 
.873 8.589 1.000 
3.840 8.472 ; 2.000 
8.386 
3.787 8.288 


vanometer by experiment. To reduce the throws of this galvanometer 
to one fifth or one tenth we may then find the values of n/n; or n2/m10 
corresponding to the mz already determined by interpolation in the table, 
and we next obtain m; or mo and hence the value S; or Sio the shunt 
required to reduce the throw to one fifth or one tenth. This table might 
easily have been extended. In fact, if S,; is the shunt required to reduce 
a throw to the fraction 1/7 of its original value and n;=5,/G, the value 
of n2/n; would be approximately equal to (¢—1), and interpolation 
columns might be arranged for any numbers 7, instead of merely for 
5 and 10. 

Universal shunt on ballistic galvuanometers. When an Ayrton and 
Mather universal shunt is connected to a ballistic galvanometer discharg- 
ing a condenser, the throws obtained when the shunt is set at different 
points are in the same proportion as the corresponding deflections with 
steady currents. The reason for this is that when the universal shunt is 
permanently attached to the galvanometer the damping resistance 
remains unchanged, no matter where the shunt is set. The throw ob- 
tained with an unshunted galvanometer is, however, reduced in a much 
larger proportion by the shunt, when connected and set on 1, than would 
be the case with the deflections due to steady currents. 


Il. ELECTROMAGNETIC DISCHARGE; SHUNT RESISTANCE 


If a coil of resistance r is permanently placed in series with a galvan- 
ometer of resistance G, a discharge Q may be passed through the gal- 
vanometer by electromagnetic induction, e.g., if r is the secondary of an 
induction coil as in Rowland’s ballistic method for the measurement of 
permeability. If now a shunt of resistance S is added to the galvan- 
ometer, the ratio of the discharge Q, passirig through the shunted gal- 
vanometer to the original discharge is given by 


Q_ SiG+r) 
Q G+S) [r+Gs/G+s)] 


If now, as will be the case frequently in practice, G> >r, then, so long 
as S is of the same order of magnitude as G, this ratio will be nearly 
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unity. When S is gradually decreased, the ratio will decrease slowly, 
until, when S is approaching the order of magnitude of 7, the ratio be- 
comes approximately S/(r+S). 

Even if no change in damping had to be considered, this would not be 
a very good method ot decreasing too large a throw very greatly, because, 
if for instance we assume G about 500 ohms and r about 10 ohms, a reduc- 
tion of the throw to one fifth of its value would require a shunt S of the 
order of magnitude of 2 ohms. If this is to be done accurately, the resis- 
tances of lead wires and possibly contacts can no longer be disregarded. 
But there is also a small damping correction. In general the damping 
resistance is G+rS/(r+5S). This, in our example, would change from 
about 510, when no shunt is used, to 502 or 501 when a small shunt is 
used. The correction for the change in throw due to the change in damp- 
ing resistance would have to be made by the method set forth in the 
earlier paper on series resistance. If these considerations on series resis- 
tance have to be introduced anyway, it would seem simpler, in the case 
of the closed circuit galvanometer measuring an electromagnetically in- 
duced charge, to dispense with the shunt method altogether and to adopt 
the series resistance method described in the earlier paper. 

There is one other strong reason for this. In the earlier pape: as well 
as in the first part of this paper the ratios of two different throws appear 
always as a function of two parameters only, one of which characterizes 
the original circuit and the othe: the relation between it and the resistance 
added to reduce the throw. Because of this two-parameter relation it 
has been found possible to summarize the results in relatively simple 
tables, eminently adapted to a reasonably accurate interpolation. The 
present case will always require three parameters, because of the dis- 
tinct part played in the calculation by the galvanometer, 7, and S. It 
is obvious that while only the special case of a value of G which is large 
compared with r has been considered in detail, the general case, in which 
G, r, and S have any relative values whatever, would follow the same 
general line of reasoning. The very considerable labor required to draw 
up a three-parameter table for various combinations of values of G, r, 
and S has not been undertaken as it seemed superfluous in view of the 
s.mple possibility of the series resistance method. 


DEPARTMENT OF PHYSICS, 
WorCESTER POLYTECHNIC INSTITUTE. 
July 16, 1924 
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NON-RADIAL HARMONIC VIBRATIONS WITHIN 
A CONICAL HORN 


By V. A. Horerscu 


ABSTRACT 


Simple harmonic vibrations satisfying the equation 
= (kr)-4 (Rr) Pm (Cos @)cos of 
are studied. In this equation, ¢ is the velocity potential, J and P denote Bessel 
and Legendre functions respectively, and ¢ and @ are polar coordinates. The 
parameter m specifying the orders of the Bessel and Legendre functions is de- 
termined so that the vibrations satisfy the boundary conditions for a conical 
horn. This is possible by means of a new expansion for P(x) which is herein 
developed. With the assumption of a loop at the opening of the horn and by the 
aid of an asymptotic expansion for J44 (z), numerical values are computed, 
for horns of various angles (2° to 30°) and for two types of vibration, of the 
ratios n/mo of several frequencies to the fundamental frequency mo, and of 
the ratios \ d of the corresponding wave-lengths to the diameter of the horn 
at the opening. The nature of these two types of vibration is indicated by 
figures. 


CONICAL horn, used asa receiver of sound, gives greatest amplifica- 
tion when of such length that one of its free periods of vibration 
coincides with the period of the incident sound. Experiments of G. W. 


Stewart! show that for a given type of resonance, fundamental or any 
overtone, the amplification is greatest for an angle termed the optimum 
angle. The optimum angle is greatest for fundamental resonance and 
decreases for each successive overtone. The theory of vibrations within 
horns has heretofore dealt exclusively with radial vibrations, that is, 
waves concentric with the vertex of the horn. In this case the inwardly 
directed waves come to a focus at the vertex and the reflected waves 
proceed outward in spherical wave-fronts. It has been suggested! that 
the optimum angle effect might be due to the presence of other types of 
vibration within the horn.? A study of such vibrations is undertaken in 
the present article. 

In the case of resonance to harmonic waves of one frequency we may, 
in the case of a conical horn whose walls extend to infinity, put the 
velocity potential equal to ¢cosat in which ¢ is independent of the time ¢. 
We may take for ¢ a value also suitable for the vibrations within a rigid 
spherical enciosure, 

(kr) WJ msa(kr) Pm(cos 6) (1) 

1G. W. Stewart, Phys. Rev. 16, 310 (1920) 


? A different cause is claimed by the author in the following article. 
§’ Lamb, Hydrodynamics (4th ed. 1916), art. 292, p. 497 
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in which Jm4, and P,, denote Bessel and Legendre functions of orders 
m+4 and m respectively and k=a/c (c=velocity of sound); r and @ are 
polar coordinates with origin at the vertex of the horn and with polar axis 
the axis of the horn. Eq. (1) includes radial vibrations as a special case 
when m=0 since Po(cos@) =1 and ¢ is no longer a function of 6. If m is 
not zero in Eq. (1), the following condition insuring the vanishing of 
flow across the boundary must be satisfied: 


06/30 P’ m(cos Oo) =0 (2) 


where 6 =6, at the rigid wallofthe horn. It will appear from the succeed- 
ing development that this restricts the parameter m in Eq. (1) to an 
infinite set of discrete values. It is our purpose to find this set of values 
but preparatory thereto we must obtain a convenient development of 
P,,(x) as a function of m. 

We may start with the expansion‘ 


P,,(x)= 1)"/r!?|(m—r+1)(m—r+2) (m+r) —x)]*. (3) 


Let the coefficient of [}(1—x)]" be 
2r— 


Then Eq. (3) becomes ‘ 
2r—1 
P(x) =1 [(—1)*/r!?] . (S) 
The series P,,(x) is dominated by the positive series 


Sa(z)=1+>° (r!)-?(m+r—1) (m+1)m(m+1) °° 
(m+r) (6) 


regarded as a double series in m and 3(1—x). The series S,(x) by the 
use of Cauchy’s ratio test is seen to converge for —1<x <3 for all values 
of m. Hence the series P,,(x) converges absolutely under the same 
conditions.5 

By comparing the term in [}(1—x)]’+! and the term in [3(1—x)}’ in 
Eq. (3) we have 


2r-1 2r-1 


= (m—r) (m+r+1) > - (7) 


‘Whittaker and Watson, Modern Analysis (1920), art. 15.22, p. 311 
*This method of proof was suggested by Dr. E. W. Chittenden, Department of 
Mathematics, University of Towa. 


220 V. A. HOERSCH 


After expanding the right member and arranging it in descending powers 
of m, we find the coefficient of m”~**+? in this member to be C,,-+C,-14.—- 
r(r+1)C,_2,. Since the coefficients of like powers of m on the two sides 
of Eq. (7) must be equal, we have 


Cae (4 (8) 


A comparison of Eqs. (3) and (5) shows that Co,=1 and Ci,=r for 
every r. From Eq. (8) we thus obtain 


Corti (9) 
r—1 
whence (27-1). (10) 
1 
The right member of Eq. (8) for s=3 is now known and hence 


1 


=1 


= —§r(r—1) (27-1). (11) 

Similarly successive applications of Eq. (8) give 
(r—2) (20 —36r?+ 77+ 3) (12) 
and (r—2) (2073 —36r?+77r+3) (13) 


Thus as many of the constants C,,, of Eq. (5) as may be desired may be 
found. 

We proceed now to show how P,,(x) can be made to depend on the 
Bessel functions. Interchanging the order of summation and sub- 
stituting 3m? (1 —x)=(}y)*, Eq. (5) becomes 


Pox) =14+ (1/m) - (14) 


s=0 r=) 


Let the coefficient of 1/m* in Eq. (14) be Y,(y). Substituting the values 
of C,, just found in the expressions for Y,(y) and comparing with the 
series expansions of Bessel functions, we have 


Yo(y) =Jo(y) (15) 
¥i(y) = —3 (16) 
Y3(y) =—34 y) Joly) Vily) (18) 
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¥ ay) =[—1's Joly) 

Ji(y) (19) 
¥s(y) Joly) 

+ y)? y) Ji(y) - (20) 


In general Y,(y) may be expressed linearly in Jo(y) and J,(y), the coeffi- 
cients being rational integral functions of y. The series P,,(x)=1+ 
Ly; m*Y,(y) is convergent for y/2m less in absolute value than 1. A 
geometrical series may be found which dominates this series and by its 
means a limit of error may be found for the residue after the term in m~. 
If R is the absolute value of this residue, we find that R< .0067 for 
y=4 and m=10, R<.000015 for y=4 and m=20, and R<.0067 for 
y=7.2 and m=40. These limits for R are, however, not close. 

We are now ready to utilize the series just obtained for P,,(x) in Eq. 
(2), which becomes, if x =cos @o, 


dP,,(x)/dy= m-dY,(y)/dy=0, (21) 


or substituting m=! =2£/y, 


dY,(y)/dy=0. (22) 


Expanding (}y)“dY,(y)/dy as a Taylor series in powers of n=y—y1 
where y; is a root of J,(y)=0, and substituting in Eq. (22), we have a 
double series in & and » equated to zero. Because of its length this 
series is not here reproduced. By a reversion of this series, using undeter- 
mined coefficients, we obtain 


where &=sin(}6o). 

Since §{m=}(y,+7n) defines a value of m satisfying Eq. (2) for each 
root y: of Ji(y)=0, we have an infinite sequence of values of m which, 
substituted in Eq. (1), define different modes of vibration for a given 
horn. These modes of vibration will be called I, II, etc., corresponding 


to the first, second, etc. roots y; of J;(y)=0. For types I and II, yi= 
3.83171 and 7.01559 respectively, and by means of Eq. (23) we have 


tm =1.91585 . 25406— .06331+ .54694+ (24) 
tm = 3.50779 54900 — ... (25) 
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Let us now turn from the horn of infinite length to one of finite length. 
The vibrations obtained for the former will also be valid for the latter 
if the proper condition is imposed at the opening. In Eq. (1) the para- 
meter m has been chosen but we still have the parameter & at our disposal. 
If we assume that the inertia of the medium outside the horn is negligible, 
we may take p=0 at the opening of the horn, where p is the excess of 
pressure over the mean pressure. Since 


peiet = pd (deiet) = , (26) 


where p is the mean density of the medium, p=0 entails ¢ =0 at the open- 
ing. This condition will be fulfilled if we take k in Eq. (1) such that 


=0 (27) 


where / is the length of the horn. Now Jm4;(s)=0 has an_ infinite 
sequence of roots 2:, 22, 23, ete. and k] may be taken equal to any one of 
them. Corresponding to these roots we have vibrations 1, Is, Is, etce., 
respectively, all of type I; similarly 11), Ile, ete., all of type II, ete. 
Numerical computations were effected for vibrations I,, Is, Is, Ili, Is, 
and II;. The results are shown in Table I and Fig. 1. For each value 


TABLE I 


Frequencies and wave-lengths of non-radial vibrations as 
functions of the angle of the horn 


. 5685 
. 5302 
.6189 .5087 .4386 
.468 395 
.548 . 336 


.4244 .408 . 3954 
. 3688 
4019... . 3489 
.3934 . . 3322 
. 3860 
.3711 
.359 
. 344 


of @) values of m were obtained from Eqs. (24) and (25) for vibrations of 
types I and II respectively. The first three roots 2:, 22, 23 Of Jm4; 
(z)=0 were found by successive approximation, using an expansion for 


IyrzeI 2 37.85 40.11 41.99 
4 19.80 21:66 323.25 
6 13.71 15.38 16.83 
&° 10.63 12.18 13.55 
10° 8.763 10.24 11.54 
15° 6.242 7.595 8.811 ‘ 
20° 4.96 6.24 7.40 
25° 4.18 §.41 6.54 a 
305 3.65 4.70 5.96 
Type II 2° 67.51 70.19 72.48 
4° 34.79 36.99 38.87 
6° 23.80 25.77 27.44 
&° 18.26 20.08 21.63 
10° 14.92 16.63 18.10 
15° 10.41 11.96 13.31 
20° 8.13 9.58 10.82 
25° 6.75 8.13 9 36 
30° 5.82 7.15 


223 


NON-RADIAL VIBRATIONS IN A CONICAL HORN 


Jm+i(z) due to Nicholson.’ Then k was taken equal to 2,// for i=1, 2, 3. 
The corresponding frequencies m were obtained by multiplying each k by 
c/2m, and the corresponding wave-lengths \ were obtained from the 
relation \=27/k. Table I gives the ratio of the frequencies to mo, the 
fundamental frequency of the horn, and the ratio of the wave-lengths to 
d, the diameter of the horn opening. In Fig. 1 the latter ratio is plotted 
against 05. As the angle 6; approaches zero, the cone approaches more and 
more closely to a cylinder and all vibrations of type I approach a single 
cylindrical vibration; similarly for vibrations of type II, ete. 


8 


| | | | 


Fig. 1. Wave-lengths of new vibrations as function of angle of horn %. 


2 


Figs. 2 and 3 show the traces of the equipotential surfaces on a plane 
through the axis of the horn. The equations of these curves in polar co- 
ordinates are obtained by assigning to @ in Eq. (1) successive constant 
values which are the terms of an arithmetic series. The velocity of the 
medium is, of course, normal to the equipotential surfaces and directly 
proportional to the gradient. It is seen from these figures that the vibra- 
tions may be roughly characterized as combined radial and transverse 
vibrations. The present investigation does not answer the question of 
the strength of the resonating response for any of the types of vibration 


* Nicholson, Phil. Mag. 14, 697 (1907) 
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studied. As always in acoustics, the separate vibrations here studied may 
be present simultaneously in any combination among themselves or 
with the classical vibrations of radial type. 

In conclusion the author wishes to express his appreciation to members 
of the Department of Physics of the State University of Iowa for their 


Fig. 2. Vibration of type I. Fig. 3. Vibration of type IT. 


assistance and interest, and especially to Professor G. W. Stewart under 
whose direction this investigation was carried on. The author is also 
grateful to Dr. E. W. Chittenden for his help in the proof of the conver- 
gence of the double series representing P»(x). 


UNIVERSITY OF Iowa, 
June 11, 1924. 


OPTIMUM ANGLE IN A CONICAL HORN 


THEORY OF THE OPTIMUM ANGLE IN A RECEIVING 
CONICAL HORN 


By V. A. Hoerscu 


ABSTRACT 


Amplification due to a resonating conical horn as a function of its angle.— 
A theoretical explanation of the fact that maximum amplification is obtained 
if the horn has a certain optimum angle is presented. The horn of small angle 
6 is assumed to be resonating to plane waves of frequency 2xw which come to 
its large end in the direction of the axis. Putting the energy flux through the 
small opening at the apex equal to the net flux into the large end, we obtain 
(29 /p)@P, = hence the equation for the amplifica- 
tion is where y,=the admittance at the 
vertex (reciprocal of impedance), p= density, a=speed of sound, m = order of 
harmonic 1, 2,3... This is a maximum for = (pw*/nx*a)y.; and from 
the energy equation we see that for the optimum angle the energy dissipated 
from the large end equals that dissipated from the vertex, the total net input 
being twice each. 


XPERIMENTS of G. W. Stewart! on conical horns used as receivers 
of sound have shown the existence of an optimum angle; that is, if 
conical horns of various angles, all constructed to resonate to a given 
frequency, are successively used as receivers of a given train of sound 
waves of this frequency, one horn of optimum angle will give the greatest 
amplification. There is one optimum angle if the incident sound waves 
excite the fundamental vibration in the various horns; another optimum 
angle, less than the first, if the first overtone is excited; another optimum 
angle, still smaller, if the second overtone is excited, etc. A receiving 
conical horn is a special case of acoustical systems treated theoretically 
in a general way by A. G. Webster.?, G. W. Stewart has specialized Web- 
ster’s treatment for the receiving conical horn with closed vertex, but 
according to Stewart’s formula, the amplification increases constantly 
as the angle of the horn decreases to zero instead of reaching a maximum. 
The present paper treats of a conical horn with a small opening at the 
vertex and an infinite plane flange at the large end. The treatment is 
independent of Webster’s treatment, which if applied to this case promises 
to be more laborious. 
At the large end of the horn with diameter AB, a plane flange, supposed 
to extend to infinity, is attached to the horn to eliminate uncertain diffrac- 


'G. W. Stewart, Phys. Rev. 16, 313 (1920) 
* A. G. Webster, Proc. Nat. Acad. Sci. 5, 275 (July 1919) 
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tion effects. The extreme lip of the horn is supposed to be cylindrical so 
that a massless piston AB in the form of a circular disk of infinitessimal 
thickness may fit snugly the opening of the horn and yet vibrate freely 
with the medium in which it is imbedded when sound waves are passing. 
This piston is introduced to aid in the theoretical treatment and is sup- 
posed not to alter the action of the horn. 

Suppose now that the external sound waves incident upon the horn 
are simple harmonic plane waves, the wave fronts being parallel to the 
horn flange and hence perpendicular to the axis of the horn. The piston 
AB is thereby moved harmonically so that its velocity u is given by 


u=U cos wl (1) 


in which w is 27 times the frequency. The motion of the medium to the 
left of AB may be regarded as caused by this motion of the piston AB, 
and the motion of the medium to the right of AB as due to the incident 
plane waves and to the motion of the piston jointly. Hence motion to 
the right of AB is the resultant of two sets of waves, (1) the incident and 
reflected waves when the piston remains motionless and (2) waves due 
to the motion of the piston with incident waves absent. 

Let the pressures* over the surface of the piston due to these two sets 
of waves be p; and /p;’ respectively. Then the rate at which the piston 
does work against these pressures is (fi +/.1’)u. Let the average value 
of piv be —/, since the pressure p; evidently causes an input of energy 
into the horn, and let the average value of p,’u be R. Then the average 
net rate of energy input into the horn is ]—R. Now R is known to be 
given by‘ 

R= (2) 
in which @ is the area of the opening AB, p the mean density of the 
medium and a the velocity of sound. Since in the present discussion 
the horn is always at resonance, we may assume with sufficient accuracy 
that p; and w have phases to give the maximum input of energy and hence 
that 


1=10P,U (3) 


in which P; is the amplitude of py. 

At the small end of the horn C which is also open, there is, in conse- 
quence of the motion of the piston AB, a volume displacement we of 
amplitude Ws, a pressure p2 of amplitude Pe, and an energy flux podwe/dé. 


* By pressure will be understood the actual pressure minus the mean pressure. The 
mean pressure, being constant, does zero work in a complete vibration. 
* Rayleigh, Theory of Sound, (1896) Vol. II, p. 194, Eq. (3) 
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If we resolve dw2/dt into two parts of amplitudes wy2P2 and wy,Ps, in 
phase and 90° out of phase with p2 respectively, then the average of the 
energy flux podws/dt is 

L=}wy2P2? (4) 


The quantity y=y:1+7y2 is the reciprocal of the impedance introduced 
by A. G. Webster.?. We shall terra it the admittance. In the comparison 
of horns as receivers it is assumed that the admittance for each remains 
the same and is small. If the vertex is closed y:=y2=0. Since the energy 
loss L is due to the motion of the piston AB, we shall now express L in 
terms of U rather than P:. If the angle of the horn is small, the piston 
AB will differ little from a spherical surface with center at C and we may 
assume spherical waves within the horn. If / is the length of the horn, 
the resonance condition is 


w=nra/l (n=1,2,3,...). (5) 


The fundamental vibration is the one corresponding to n=1, and the 
successive higher values of n refer to the successive harmonic vibrations. 
When y2=0, we see by Eq. (4) that there is reflection without loss at C. 
The velocity potential @ at a point distant r from the vertex is, for this 
case, 


@=(A/r) sin (wr/a) coswt (6) 


where A is a constant. Now u=—0d¢/dr at r=l and p2=pd¢/dt at r=0. 
Hence, forming the derivatives of @ given by Eq. (6) we readily have 

U=Aw/la (7) 
and P,=Apw?/a. (8) 


Dividing the latter by the former and substituting w=m7a/l we have 
P,/U=pul=nzpa . (9) 


We shall assume P:/U a continuous function of yz so that Eq. (9) holds 
approximately when ye is small but not zero. Then, substituting the 
value of P2 from Eq. (9) in Eq. (4), we have 


(10) 

A consideration of energy requires that J=R+L or substituting the 
values of J, R, and L from Eqs. (3), (2) and (10) respectively, that 
= . (11) 


* This approximation need not be made. It is easily shown that U/P,;=|A+By|. 
See following paper by Stewart. 
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Now the radius of the large opening of the horn is approximately }4B = 
16, where @ is } the angle ACB, and therefore 


o= (12) 
Since ]=n7a/w by means of Eq. (5), Eq. 12 becomes 
/w? (13) 


Substituting this value of o in Eq. (11), we obtain, after the requisite 
cancellations 


p= MO*U+NU (14) 
where M =n’x'a (15) 
and N =2pw' ve. (16) 


~ 
§ 
= 
< 


Angle of Horn 6 


Fig. 1. Amplification of horns. 


Substituting the value of U from Eq. (9) in Eq. (14) we obtain 
=2nr*a6*, (M6*+N) . (17) 


We find, by differentiating P:/P; with respect to @ that P:/P,; has a 
maximum at an angle 6,, given by 

Mé6n'=N (18) 
or 

Om = . (19) 

Eq. (18) shows that, for 6=6,, the terms in the right member of 
Eq. (14) are equal. Since these terms are proportional to the correspond- 
ing terms of Eq. (11), viz. R and L, we have, for 6=6,, R=L. The 
optimum angle 6,, is therefore that angle for which the dissipation of 
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energy from the opening of the horn equals that from the vertex. Eq. 
(19) shows that the optimum angles for the fundamental vibration and 
for the successive overtones are in the ratios of 1: 1/./2: 1/3: ete. 
The graph of Eq. (17) with @ as abscissa and P:/P, as ordinate is given 
in Fig. 1. Experimental verification of the present theory is given by 
G. W. Stewart in the following paper. 


In conclusion, | wish to express my appreciation to members of the 
Department of Physics of the State University of lowa for their assistance 
and interest, and especially to Dr. G. W. Stewart, under whose direction 
this investigation was carried on. 


University oF lowa, 
Sept. 22, 1924 


G. W. STEWART 


NOTE ON HOERSCH’S THEORY OF THE OPTIMUM ANGLE 
OF A RECEIVING CONICAL HORN 


By G. W. STEWART 


ABSTRACT 


Equation for the optimum angle for a receiving conical horn: comparison 
with experiment.—Values of 6, for frequencies of 256 and 512 previously re- 
ported! are found to agree well with those calculated according to the equation 
derived by Hoersch? the observed values being about 20 per cent smaller. Since 
the theoretical conditions are met only approximately, the agreement is perhaps 
as good as is to be expected and gives confidence in the general correctness of 
the theory. 


OERSCH? has given a theoretical explanation of the optimum angle 
of a conical horn experimentally found by the writer.1. The optimum 
angle is the one giving the greatest amplification, the horn acting as a 
receiver. The theory of Hoersch leads to the conclusion that for a horn 
with the optimum angle, the dissipation of energy at the vertex is equal to 
that at the openend. The value of this angle is expressed by the formula: 


Om =(1/n?) (pw y2/22%a) (1) 


wherein 7 is the order of the harmonic, 1, 2, 3, etc., beginning with 1 for 
the fundamental; p is the mean density of the air; w is 27 times the fre- 
quency; ys is defined by the admittance, y;+7ye, the second term being 
the ratio of the volume displacement and pressure; a is the velocity of 
sound. 

It is the purpose of this note to compare the experimental results 
previously reported! with Hoersch’s theory. In these experiments, 
a rubber tube 100 cm long and 0.45 cm in interna! diameter, was attached 
at the vertex of the horn, cut off at the same diameter, and was led toa 
Rayleigh disk resonator for measurements of relative intensity. Sub- 
sequent experiments on the transmission of sound through such a tube 
showed that for the frequencies of 250 and 500, the absorption in the 
tube must be of the order 55 and 70 percent, respectively. Since the 
Rayleigh disk was acting as a resonator, it also absorbed energy. The 
intensity of the return wave at the vertex of the horn must therefore have 
been reduced to less than one fifth of its initial value for the 250 frequency 
and to less than one tenth for the 500 frequency. In order to compare 
theory and experiment, it is necessary to assume that the return wave in 
the tube was absent, and that, as a consequence the impedance of the 


’ Stewart, Phys. Rev. 16, 313 (Oct. 1920) 
‘V. A. Hoersch, preceding paper. 
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cylindrical tube was that of an infinitely long tube. It is known that 
the impedance of an infinite tube is —pa/o (the displacement being 
taken inward and o@ being the area of the tube) and this is the ratio of 
the pressure at the point of attachment to the rate of volume displace- 
ment. Since the displacement is simple harmonic and proportional to 
e“t, the ratio of pressure to volume displacement would be —iwpa/o and 
the admittance as defined by Hoersch would be 
ia 

and hence Ve=a/wpa. 

For all the experiments ¢ =.16 cm,? a=34X10*® cm/sec. The other 
values and the experimental and computed values of # are shown in the 


following table. 
6m (obs. ) 6m(calc.) 
256 0.10 0.12 
512 0.13 0.16 
256 0.072 0.08 
512 0.10 0.12 


The calculated results are consistently about 20 percent higher than the 
observed. In the experiments the horn was without a flange, whereas in 
the theory an infinite plane flange was assumed ; however this assumption 
should not make any serious quantitative difference for it quadruples 
the incident energy and also the dissipated energy from the flanged 
opening, if one may neglect the uncertainties of diffraction from the un- 
flanged opening. It is also assumed in the theory that the relationship 
between the absolute values of pressure at the vertex and the velocity at 
the large opening of the horn is practically undisturbed by the cutting 
off of the vertex. This is, however, justified by Webster’s’ theory. His 
Eq. (24) may be written, 
or X2/pr=ctd/n, 

where X2/p; is the ratio of the displacement at the large end to the 
pressure at the small end, c and d are constants of the horn, and 2; is the 
impedance at the vertex. When the vertex is closed, 2; is infinity and 
X2/p,=c. When the tube is attached, z:=pa/e,;. Examination of the 
value of d given in Webster’s Eq. (31) shows that at resonance d is small 
compared to c. Hence the assumption made by Hoersch is not seriously 
in error. 

The conclusion from above is that while the slight discrepancy is not 
yet quantitatively explained, the agreement between theory and ex- 
periment is sufficient to justify confidence in Hoersch’s explanation of 
the existence of an optimum angle for resonating conical horns. 


UNIVERSITY OF Iowa, 
September 27, 1924 
°A.G Webster, Proc. Nat. Acad. of Science §, 275 (July 1919) 
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The Measurement of Fluid Velocity and Pressure. By J. R. PANNELL.—This is 
a posthumous work edited by a technical colleague of the author who himself perished in 
the crash of the airship R38. His manuscript was left ‘‘relatively complete,” and con- 
tained material much of which previously had been published by him in technical 
periodicals. The book is devoted mainly to British methods and instruments, some of 
which had been previously developed abroad and described in standard periodicals. The 
references to non-British work is scant and perfunctory. 

Chapter I, Pressure-Tube Instruments, treats the theory of the Pitot and Venturi 
tubes of various forms; also the construction and test of British forms of these and other 
speed nozzles. It ignores that much of this work had been anticipated and published 
earlier in other countries. 

Chapter II describes various British moving-part anemometers, particularly the 
Robinson cup type, the vane or screw type, the pendulum and pressure-plate kinds. 
Aside from Richard's anemometer, no reference is made to foreign instruments. The 
treatment is casual and descriptive. 

Chapter III gives constructional details of some hot wire anemometers, the King, 
Morriss and Fage especially, but not very explicit information as to their applicability, 
speed, precision and general usefulness. 

In Chapter IV an instrument for measuring the speed and direction of air flow at any 
point is described as to structure and calibration, but without comment on its accuracy. 
Various ship logs, ancient and modern, are minutely described without exact data as to 
their accuracy. 

Chapter V, Manometers, contains a good account of U-tubes and Chattock gauges; 
various diaphragm pressure gauges, barometers and pressure recorders—mostly British 
and related to speed. meters. 

Chapter VI, Flow of Fluids in Circular Pipes, recounts Pannell and Stanton’s 
determination of the friction coefficient of air and some liquids flowing through smooth 
pipes. It is an interesting account of their admirable investigation. 

A provincial work like this may be a valuable aid to one preparing a comprehensive 
and catholic account of its subject matter, such as the author could well have written 
had his valuable life been spared till the completion of his intended book.—Pp. 135, 
50 figs. Price $3.50. Eduard Arnold and Co., 1924. A. F. ZauM 


On the Direct Numerical Calculation of Elliptic Functions and Integrals. By 
Louis V. Kinc.—This monograph contains the entire theory of elliptic functions asso- 
ciated with the scale of arithmetico-geometrical means. Numerous formulas are deduced 
for rapid computation, by means of the calculating machine, of the values of the various 
elliptic integrals. No originality is claimed for the method employed, although many 
of the formulas are new. The book should be useful to those who desire to compute 
elliptic integrals to a number of significant figures without the labor of interpolating in 
the available tables—Pp. 42, Cambridge University Press, 1924. 
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MINUTES OF THE WASHINGTON MEETING, DECEMBER 29, 30 AND 31, 1924. 

The 26th annual meeting (the 130th regular meeting) of the American 
Physical Society was held in Washington, D. C. on Monday, Tuesday 
and Wednesday, December 29, 30 and 31, 1924, at the Bureau of Stand- 
ards. The presiding officer was C. E. Mendenhall, President of the 
Society. The attendance was about 300. On Monday evening, there 
was a dinner for the members of the Society and their friends, attended 
by about 200 persons. On Tuesday afternoon, there was a joint session 
with Sections B and D of the American Association for the Advancement 
of Science and the American Astronomical Society, Professor K. T. Comp- 
ton, Chairman of Section B, presiding. 

The program of the Physical Society consisted of eighty-three regular 
papers, nineteen of which were read by title. The program of the joint 
session consisted of an address by the retiring Vice-President of Section 
B, Professor W. F. G. Swann, entitled ‘““The Trend of Thought in 
Physics,” an address by the retiring Vice-President of Section D. Dr. H. 
D. Curtis, entitled ‘“The Equinox of 1950,”’ and an address by Professor 
V. F. K. Bjerknes, entitled ‘Solar Hydrodynamics,” followed by three 
papers from the program of the Physical Society. 

The regular annual business meeting of the American Physical Society 
was held on Wednesday morning, December 31, 1924 at 11 o'clock. 
A canvass of the ballots of officers resulted in the elections for the year 
1925 as follows; 

For President; D. C. Miller 
For Vice-President; K. T. Compton 
For Secretary; 
For Treasurer ; 
For Members of the Council, 
Four-year Term; F 
For Members of the Board of _K. 
Editors of the Physical . C. Kemble 
Review, Three-year Term; . L. Mohler 
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At the meeting of the Council held on December 29, 1924, two were 
elected to Fellowship: four were transferred from Membership to Fellow- 
ship: and twenty-three were elected to Membership. Elected to Fellow- 
ship; Etienne Samuel Bieler, Albert Bjorkeson. Transferred from Mem- 
bership to Fellowship; WK. WK. Darrow, I. S. Bowen, Walter L. Cheney, 
Alan Tower Waterman. Elected to Membership; Lewis G. Abernathy, 
Takeo Akahira, Charles W. Carter, Jr., C. E. Dean, Roger S. Estey, 
Newton Gaines, Royal FE. Grant, Clarence Hodges, J. Bernard Hushman, 
Samuel Jackobsohn, A. R. Knipp, Paul M. Martin, Elton V. McCollum 
Robert D. Milner, Jared Kirtland Morse, C. A. Pulakamp, Russel Reeves, 
Arnold H. Scott, Mrs. Nadiashda Galli Shohat, S. R. Spencer, Reginald 
C. Sweet, W. L. Tesch, Mark W. Zemansky. 

The Secretary reported that during the year there had been 137 elec- 
tions to membership and that resignations of 64 had been received while 
eight persons had died during the year. The total Membership at the 
present time consists of 8 Honorary Members, 514 Fellows and 1139 
Members, making a total of 1659. 

The abstracts of the papers presented in the program of the Physical 
Society are given in the following pages. An Author Index will be found 
at the end. 


Haro_p W. Secretary. 


ABSTRACTS OF PAPERS 


1. Soft x-rays from iron and nickel. CHArtes H. THOMAS, Princeton University. 
—A platinum plate subtending practically the entire solid angle around the target was 
used photo-electrically to detect x-rays produced by bombardment of iron and nickel 
targets by electrons of energies of 0-1500 volts. It was found necessary to interpret the 
results by the complete Einstein equation e(V+¢) =h» where ¢is the work function of 
the target. With iron, 135 runs were made, taking readings at voltage intervals of 0.5 or 
1.0 volt except in the ranges above 200 volts, which were covered in 2, 4 or 5 volt steps. 
The curves show practically perfect agreement. Breaks resembling ionizing potential 
breaks of gases were found at values of (V+) equal to 11.1, 20.4, 41.2, 54.6, 103.5, 
169.4, 228.1, 704.3 and 818.5 volts, and breaks resembling radiating potential breaks at 
7.3, 14.1, 16.5, 24.3, 28.8, 34.3, 48, 51.3, 62, 75.3, 82.7, 94.8, 112.2, 131.8, 158.5, 181.6, 
192, 221.3, 277.4, 288.6, 303.7, 331 and 639 volts. Results with nickel show marked 
similarity to those for iron, with a small shift toward higher voltages. 


2. The excitation of the M series in iron by electronicimpact. Orro STUHLMAN, 
Jr., University of North Carolina.—A three element vacuum tube of the commer- 
cial form VT-1, with tungsten filament andiron grid and plate, was used. In series with 
the grid was a sensitive galvanometer and a variable potential whose negative terminal 
was attached to the negative end of the filament. This formed the primary circuit. A 
high potential with its positive end was attached to the plate and with its negative end 
to the positive end of the grid battery. This formed the secondary circuit. As a result 
of the bombardment of the grid with the primary electrons, accelerated by the filament- 
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grid potential, secondary electrons are liberated at critical primary electronic velocities 
which are detected as a decrease in the galvanometer deflection, because of the flow of 
electrons from grid to plate through the secondary circuit. The potential-current curves 
thus obtained show sudden discontinuities which are interpreted in the usual way 
(hv =eV). The most prominent lines thus far obtained are located at (Ma) 50, (M8) 80, 
(My) or (MA;) 120, (MA) 160 and (MAg) 171 volts. The computed convergence limit 
is probably at 177.4 volts. 


3. The refraction of x-rays. A.1larsson, M. SieGBAHN and T. WALLER,—While 
Réntgen tried to find a refraction of x-rays in solids, it is well-known that he did not 
succeed, and up to this time all attempts to show a refraction in amorphous substances 
have failed. Stenstrém was the first to give experimental evidence of a deviation from 
the Bragg formula for the reflection of x-rays at crystals, which indicated the existence 
of a refraction. On the other hand Compton and Siegbahn with Lundquist have shown 
that amorphous and crystalline substances act as total-reflectors for x-rays when the 
incident glancing-angle is very small. These two phenomenon strongly support the view 
that a refraction of x-rays at the surfaces of amorphous and crystalline substances does 
exist. By means of a suitable experimental arrangement it has been possible for the 
authors to get measurable deviations of x-ray beams passing through prisms of amor- 
phous or crystalline substances, which permitted the calculation of the refractive 
index. With beams of non-monochromatic x-rays a real prism spectrum was regis- 
tered on the photographic plate. The dispersion is very small but some of the 
spectral-lines are clearly separated. The results so far obtained are in general agreement 
with the theoretical considerations suggested by one of us (Waller). 


4. The Compton and Duane effects. P. A. Ross and D. L. Wessrer, Stanford 
University.—Duane and his collaborators have recently reported experiments on 
scattered x-rays with a removable wooden box around the tube and scatterer. From these 
experiments they conclude that Compton's modified peak is due to stray rays. The pres- 
ent paper first states reasons for believing that the scattered rays from the box are 
insufficient to account for this box effect. Next it describes conditions in Ross’s experi- 
ments where the Compton line was found without any wood and with very much less 
chance for box effects. Finally it describes new experiments in which no box was used. 
In these the Compton line showed as strongly as in Ross's earlier work. Duane’s tertiary 
peak has not been found in any of these experiments, and must be much weaker than the 
Compton line. The search for the tertiary rays is being continued. 


5. The influence of the scattering substance on the intensity of the Compton line 
in scattered x-rays. P. A. Ross, Stanford University.—Using a lead cylinder without wood 
or other light material as a lining, a series of spectrograms have been made showing the 
shifted and unshifted molybdenum K alpha lines when scattered from carbon at 30°, 
60° and 90° and from aluminum, copper, silver, and lead at 90°. There is a marked 
decrease in the relative intensity of modified to unmodified line as the atomic number of 
the scatterer increases but the amount of shift for a given scattering angle remains con- 
stant. In certain work with copper K radiation scattered from aluminum the modified 
line did not appear though the unmodified line showed quite well. With tungsten K 
radiation the modified line seems much stronger relatively than with molybdenum K 
radiation. When the green mercury line is scattered from paraffin, or by multiple reflec- 
tions from silver mirrors, no shifted component can be detected. The present evidence 
indicates a decrease in relative intensity of the modified line with increasing wave- 
length. 


6. The Compton effect. S. K. ALLIson and WittiaAM Duane, Harvard University. 
—A very narrow x-ray tube similar to that described by A. H. Compton (close to the 
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target of which, secondary radiators could be placed) and a Soller multiple-slit system 
produced a secondary x-ray beam of considerable intensity. With the increased in- 
tensity higher resolving power and smalle: radiators could be used than in previous 
experiments. In large radiators the primary and secondary rays make a great variety 
of angles with each other and the radiation of shifted wave-length is spread out into a 
band with relatively small intensity at any particular point. With such radiators we 
obtained spectrum curves similar to curves previously published; but with small radiators 
well marked broad peaks appeared on the curves, the positions of which corresponded 
approximately with Compton's equation. The peaks shifted back and forth with 
changes in the positions of the radiators in substantial agreement with the equation. 
With a lithium radiator, most of the energy appeared in the shifted peak. The equation 
derived by A. H. Compton from his theory of single electron scattering represents the 
wave-lengths of a large part of the radiation observed in these experiments, but there is 
some excess radiation at other wave-lengths. 


7. Tests of the effect of an enclosing box on the spectrum of scattered x-rays. 
A. H. Comptor, J. A. BEARDEN and Y. H. Woo, The University of Chicago.—Allison, 
Clark and Duane have recently reported great differences in the spectrum of scattered 
x-rays according as the x-ray tube and scattering block are or are not surrounded by a 
wooden box. The differences are tentatively ascribed to tertiary radiation from the 
carbon and oxygen in the wood. We have tested these conclusions by two methods: 
(1) A comparison has been made of the spectrum of molybdenum K rays scattered from 
magnesium and aluminium when enclosed in a wood-lined box with that when in a lead- 
lined box. The spectra are identical, showing both unmodified and modified lines. (2) 
The spectrum of x-rays from a molybdenum target after being scattered by sulphur has 
been obtained using a Seeman photographic spectrometer. The x-ray tube and scattering 
block were placed outside a window with a lead screen between the tube and the spec- 
trometer. The x-rays which missed the screen went to the open sky. The spectrum 
obtained, like that with the box, shows sharp unmodified Ka and 8 lines, a distinct, 
somewhat broadened modified a line with the theoretical displacement (+ 3 per cent) 
and a faint modified 8 line. We thus find no measurable effect due to an enclosing box. 


8. Quantum theory of the unmodified spectrum line in the Compton effect. G.E. 
M. Jauncey, Washington University.—The theory is based on the following assump- 
tions: (a) the energy of the primary quantum plus the kinetic energy of the electron in its 
Bohr orbit (supposed circular) is equal to the energy of the scattered quantum plus the 
kinetic energy of the recoil electron just after removal from its orbit and before it has 
escaped from the electrostatic field of the atom; (b) the vector sum of the momenta of the 
primary quantum and the electron in its Bohr orbit is equal to the sum of the momenta 
of the scattered quantum and of the recoil electron just after removal from its orbit; 
(c) in order for the scattering to take place according to (a) and (b) the difference 
between the energies of the primary and scattered quanta must at least equal the 
binding energy of the electron in its orbit. It is then found that there are certain posi- 
tions of the electron in its orbit from which the electron cannot be ejected. In these 
positions the mass of the whole atom is added to that of the electron and the change of 
wave-length is negligible. This explains the existence of the unmodified ray. 


9. Scattering and absorption of gamma-rays. J. A. Gray, Queen's University.— 
A recent paper on the above subject by Owen, Fleming and Page (Proc. Phys. Soc. 36, 
355, 1924) apparently confirms the view taken by A. H. Compton (Phys. Rev. 21, 483, 
1923) that the secondary 8-rays produced in light elements by the hard y-rays of radium 
are recoil electrons formed by the scattering of the y-rays, of wave-length about 0.02A. 
These 8-rays, however, possess far too much energy to be regarded as recoil electrons, 
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unless the y-rays have a much lower effective wave-length than that usually accepted. 
This follows from the fact that, although the 8-rays of radium E have much greater 
energy than that calculated for recoil electrons formed by y-rays of wave-length 0.02A, 
they can only penetrate 1.7 mm of aluminium, whereas the secondary §8-rays can pene- 
trate 3 mm. If we are to account at all for the secondary B-rays as recoil electrons, we 
must assume an effective wave-length of the y-rays of about 0.008A. Such a conclusion 
raises many interesting points, for discussion of which there is no space here. It follows 
from what has been said that a complete explanation of the results of experiments on the 
scattering and absorption of y-rays has by no means been given. (See letters to Nature, 
January 1925). 


10. The transformation of the energy of cathode or beta-rays into energy of x-rays. 
J. A. Gray, Queen's University.—-This communication refers to the production of the 
continuous x-radiation only. When §-rays of total energy E pass through a plate of mass 
dm per unit area, they will excite in the plate x-rays of energy dX, say, and we may write, 
dX =x Edm. Wecall «the mass transformation coefficient, and if we multiply « by A/N, 
where A is the atomic weight and N Avogadro's number, we get the atomic transforma- 
tion coefficient a. Experiments with the 8-rays of radium E, in conjunction with those of 
Beatty with cathode rays, lead to the following approximate conclusions (see Nature, 
May 1, 1923). (1) « is proportional to Z?/A, a to Z* and both to 1/V, where Z is the 
atomic number and V =p.d. in volts necessary to give the cathode or 8-ray its energy. 
(2) Writing E =n Ve, where e =charge on an electron in coulombs and » the total number 
of B-rays, we see that dX for a given material depends only on m and dm. Approximate 
formulas are «=2.510°Z?/AV; a=4.110-"Z?/V;X/E,=5 X10-°A V; where X is the 
total energy in the x-rays produced by the complete absorption of 8-rays of total initial 
energy Eo. This formula probably gives rather too large a value for smaller values of V. 


11. The series spectra of the stripped atoms of phosphorus (Py), sulphur (Sy;) 
and chlorine (Clyzz). 1.S. Bowen and R. A. MiILiiKan, California Institute of Tech- 
nology.——By the use of methods previously reported (Phys. Rev. 24, 209, 1924) (1) we 
have now succeeded in stripping all of the valence electrons from the atoms of the entire 
second row of elements in the periodic table, i.e., from sodium through chlorine; (2) we 
have determined with an error of about 5 frequency units the full series spectra of Py 
and Syy, including the 14 most important term-values of Py and the 11 of Syy. The 3s 
level of Py is 524491.19 and of Syy 710264.2. This means that the ionizing potentials of 
these atoms are 64.7 volts and 87.6 volts respectively; (3) we have located the first term 
of the principal series of Clyyz at \=800.70 A and \ = 813.00 A; (4) we have found that 
the d,d, doublet separations fit less perfectly into the relativity-doublet law than any 
other doublets thus far studied. 


12. Characteristics of the spectrum of the high-current arc. ArtHUR S. KING, 
Mount Wilson Observatory.—Direct-current arcs carrying one thousand amperes or 
more at about one hundred volts, have been used to obtain the spectra of iron and 
titanium. The arc may be between carbons loaded with the metal or between small 
metallic rods projecting from graphite holders. The spectrum, mainly that of the neutral 
atom, indicates an excitation stage distinctly higher than that of the usual low-current 
arc. The dominant lines are those which in the tube-furnace require high temperature, 
while the low-temperature lines are relatively weak. The characteristic widening phe- 
nomena are much exaggerated in the high-current arc, and as the amount and direction 
of this widening is the same for lines of a given series multiplet, the temperature classifi- 
cation is supplemented for the high-temperature lines by the grouping made possible 
by this method. Lines which remain narrow and symmetrical under these extreme con- 
ditions should. be suitable for use as wave-length standards. The cooler envelope of 
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vapor emitting oxide bands is apparently forced so far out by the large mass of highly 
heated vapor that these bands are absent in photographs of the line spectrum. 


13. Regularities in the arc spectrum of cobalt. Francis M. Watters, JR., Car- 
negie Institute of Technology.—Multiplets found in the are spectrum of cobalt result 
from combinations of terms whose maximum multiplicities are even, thus verifying the 
alternation law for the second member of the first triad of the periodic table. The 
separations of the sub-levels are large compared to corresponding separations in iron 
and the terms are normal instead of inverted. Six of the multiple levels so far identified 
occur in pairs separated by rather small wave-number intervals: P’—P =1300; D’—D 
=2700; F’— F=3800. 


14. Double excitation spectra of magnesium and related elements. JrRomE B. 
GREEN, University of Wisconsin, and Max Petersen, New York University.—The 
occurrence of primed terms in the spectrum of magnesium, similar to those in spectra of 
the other alkali earths is a difficulty in Wentzel’s explanation of their origin. The excita- 
tion conditions for the 2780 group of Mg are studied and compared with those for the 
corresponding cases in other elements. It is concluded that no relation exists between 
the occurrence of these lines and the ionized spectrum and in no way can their behavior 
in Mg be distinguished from that in Ca. The orbits of the doubly excited states are 
discussed. 


15. The absorption spectra of copper, silver and gold vapours in the ultra-violet. 
R. V. ZumstTeIN, National Research Fellow, University of Michigan.— Using a carbon 
tube heated to about 1600°C, the absorption spectra of these vapours have been studied 
in the ultra-violet to 2000A. With copper, strong absorption was found at 3273.9 and 
3247 in agreement with Grotrian. Absorption was also found corresponding to six 
emission lines between 2250A and 2000A. The second pair of the principal series could 


not be identified with certainty. With silver, very strong absorption was obtained at 
3382 and 3280, as by Grotrian, and also at 2070.0 and 2061.2. These are the first two 
pairs of the principal series. With gold there was distinct absorption at 2675.9 and 
2427 9. indicating that they are the first pair of the principal series. 


16. Intensities of absorption lines in alkali metal vapors. GrorGE R. HARRISON, 
National Research Fellow, Harvard University.—In order to furnish data on the magni- 
tude of absorption coefficients and on the relative probabilities of different transitions 
in the atom, the relative areas, depths and widths of the first fifteen absorption lines of 
the principal series of sodium have been measured, and of the first twelve lines of potas- 
sium. A precise method of photographic photometry was used, characteristic curves of 
the emulsions being taken on the same plates on which the line intensities were measured 
with a thermo-electric densitometer. Corrections were applied for the finite widths of 
the densitometer and spectrograph slits, and for the dispersion curve of the quartz 
spectrograph. The results are related to the previously measured series limit absorption, 
and the transition at the limit from line to continuous absorption has been carefully 
studied. Approximate atomic absorption coefficients can be calculated from the mass 
absorption coefficients, the known vapor density and the length of absorbing column, 
taking into account the failure of the exponential law of absorption. Brief application is 
made to atomic models of the alkali metals which have been recently proposed by various 
writers. 


17. Absorption of the enhanced mercury line 1942.5 by ionized mercury vapor. 
Louis A. TuRNER, National Research Fellow, Harvard University, and K. T. Compton, 
Princeton University.—Measurements by an exploring electrode near the cathode in 
glow and arc discharges show such a high concentration of positive ions as to suggest the 
possibility of observing their action in absorbing lines of the principal series of the 
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enhanced spectrum. We therefore photographed the intense light from an electrodeless 
discharge in mercury vapor, which gives a rich spark spectrum, after passage through a 
suitable mercury arc. The only spark line which we found to be absorbed by the arc was 
1942.5, which fact supports a recent unpublished conclusion by Carroll that this is the 
longer wave-length member of the first pair of the principal series of ionized mercury. 
The experimental conditions were, roughly, as follows: arc voltage 6.6, arc current 
2.0 amp., partial pressure of positive ions 5(10)-§ mm, mercury vapor pressure 1 
mm, effective length of absorbing path 5 cm, percentage absorption 20 to 30. The lines 
of the Rydberg “doublet” 2847.8 and 2224.8, hitherto generally assumed to be the first 
pair of the principal series, showed no absorption and are evidently of a subordinate 
nature. This is further proved by a supplementary experiment which showed that the 
minimum excitation potential of these lines is distinctly greater than that of the line 
1942.5. 


18. Pressure shift measures in the spectrum of magnesium. Max PETERSEN, 
New York University, and Jerome B. Green, University of Wisconsin.—Pressure shift 
data at hand have been considered to be contaminated with pole shifts and possibly 
“density” errors. An attempt has been made to determine pressure shifts from which 
these complications have been eliminated so far as possible. Wave-lengths of magnesium 
lines were measured against iron standards for a long arc in air and for a vacuum arc, 
using the higher orders of a 21 ft. grating and observing the customary precautions for 
precision measurements. The shifts deduced from these wave-lengths are smaller than 
older values, but not uniformly so. They are mostly in agreement with the reported 
asymmetry of the Stark effect. 


19. Quantum number relations in series spectra. R. B. Linpsay, Yale Univer- 
sity.—Following a method described in previous work, but taking into account the 
polarization induced in the inner portion of an atom by the outer series electron, calcu- 
lation is made of the effective quantum numbers of the outermost orbits with least 
energy in the Bohr models of the singly ionized alkali metals and the ‘‘stripped’’ sodium- 
like atoms from Mg* to Cl*+. The results for the latter (i.c., Mg*, 1.91; Al?*, 2.08; 
Si**, 2.20; P**, 2.29; S§*, 2.37; Cl®*, 2.45) are in good agreement with available data on 
the corresponding spectral terms. Letting A;, Bj denote the first two elements in each 
period ¢ of the periodic system as presented by Bohr, and gA; the quantum defect for the 
outermost orbit with least energy of A;, we have the following empirical relations 
gA;/qBy* =14+-/; (¢ taking values 2, 3, 4, 5, 6), where f; is a proper fraction decreasing 
slightly but approximating 0.2. Moreover, in the third period of the system, we note that 
qNa/qMg*, gqMg*/gAl*, gAl?*+/gSi**, etc, are all nearly equal and expressible in the 
form 1+ g, where g takes vglues nearly equal to fj above. These restlts receive a simple 
interpretation from the expression g= J» prdr— Je prdr, where the two integrals re- 
present respectively the integral of the radial momentum over the real orbit and over the 
equivalent Kepler ellipse. 


20. Anew system of bands in the spectrum of boron monoxide. RopertS. MULLI- 
KEN, Harvard University.—The writer has shown that the a and 8 systems of BO bands 
correspond to transitions to a common final electronic state. The a initial electronic 
level is a doublet (Avy =126), of which each component is apparently double (Av = 13); 
the 8 initial level is apparently single. If the a and 8 systems are analogous, with respect 
to the electronic transitions involved, to the Na resonance lines 1ls—2p and 1s—3p, a 
band system corresponding to the transition Ba would be analogous to the very weak 
“forbidden” line 2p —3p of Na. The positions of such bands can be calculated from the 
known a and @ initial terms. Examination of the BO spectrum discloses a set of very 
weak band-heads exactly in the calculated positions, provided each band is assumed to 
consist of a Q branch. Only two of the four a levels are, however, represented; these 
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have the larger doublet separation Ay =126. The bands are shaded toward the violet, 
as expected. The bands of both isotopes of BO are present, with the expected relative 
positions and intensities. There is considerable further evidence of a similarity of 
electron structure between the molecule BO (and CN) and the Na atom. 


21. The quantum theory of the doublets of the CN and Hg bands. Raymonp T. 
BrrGe, University of California.—Kratzer’s theory of the narrow doublets in bands with 
one missing line, like the CN bands, contradicts the experimental data in several respects, 
(Intensity of the first line of each branch is normal, not half-normal; both lines of a 
doublet are perturbed and not one, etc.) His published equations for the doublet separa- 
tion of the CN bands are in sharp disagreement with the data, representing a very non- 
symmetrical splitting for the two branches. The correct equations suggest a new inter- 
pretation of the doublets which agrees with the other facts regarding intensity and per- 
turbations. Some of Kratzer’s equations for the Hg bands (bands with wide doublets 
and two missing lines are incorrect, and the correct equations lead on his theory to a 
negative “delta,” which is extremely improbable. These doublets seem quite different 
from the CN doublets, and are doubtless due to the same cause that produces the Q 
branch (missing in CN), but the explanation of the various numerical relations found 
by Kratzer in these bands is not as yet evident. Graphical methods are developed for 
the rapid evaluation of the various empirical constants occurring in the formulas for the 
rotational energy levels. 


22. The quantum structure of the OH bands. Raymonp T. BirGe, University of 
California —Vibrational quantum numbers are assigned to the four bands now analyzed 
by Heurlinger and by Watson, as follows: A3064 (0,0), 43126 (1,1), A2811 (1,0), A2875 
(2,1). The expected equalities are found in the values of AF, for both the initial and final 
states, as given by the combination principle, by the use of the P and R branches only,— 
thus justifying these assignments. The resulting AF:m curves are quite similar to those 
for the C+H bands, the curves for the final state alone showing the curvature distinctive 
of both a finite sigma and epsilon. In the corresponding graphs for the two outer com- 
ponents of the triplet in the nitrogen second group bands, this curvature is found in 
both initial and final conditions. All of these curves seem to show significant numerical 
relations, but it does not appear possible to obtain definite unique values of sigma and of 
epsilon from the data now available. The Q branch in all these bands is quite anomalous, 
and seemingly cannot be connected by means of the combination principle with the 
energy levels evaluated from the P and R branch data. 


23. Notes on the quantum theory of band spectra. RayMonp T. BirGe, University 
of California.—Vibrational quantum numbers are assigned tb a considerable number of 
band groups, and the actual intensity distribution among the various bands of a group 
is studied in relation to these assignments. The band groups, in respect to intensity 
distribution, fall in general into two utterly different classes. The aluminum bands form 
a characteristic example of the predominant class, and the Second Nitrogen Group, as 
well as the First Group (in the light of Pfund’s recent results) are further examples. The 
8 group of nitrogen has been extended and shows a peculiar intermediate type of intensity 
distribution, in part only due to the low temperature of the source. The second distinctly 
different type of intensity distribution is illustrated by the iodine bands and the oxygen 
ultra-violet bands. The effect of temperature and of other causes upon the intensity 
distribution is briefly discussed, and possible theories considered. The vibrational 
frequency curves of the various groups are compared with Kratzer’s theory, and several 
general conclusions are drawn. An invariable relation between the moment of inertia 
and the vibrational frequency is mentioned and other general conclusions regarding 
the quantum structure of certain types of bands are briefly noted. 
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24. Fine structures in non-hydrogenic atoms. ArtTHuUR E. RuARK, F.L. MOHLER, 
and R. L. CHENAULT, Bureau of Standards.—A study of the fine structures of spectral 
lines of non-hydrogenic atoms shows that many of them arise from transitions between 
the components of complex spectral levels. In all such cases fine structures cannot be 
due to isotopy. In general, some of the possible components fail to appear, so that a 
quantum number f may be introduced, with a selection principle to govern its changes. 
For the fine structures of certain elements, no selection principle can be discovered. 
This may be due to the extreme weakness of certain components or to insufficient resolu- 
tion of the spectral patterns. Fine structures have proved to be an aid in classifying 
spectral lines. At present it is believed that slight quantized variations in the configura- 
tion of underlying electron shells suffice to explain the existence of all the fine structures 
we have studied. 


25. Energy of active nitrogen. Paut D. Foote, ArtHur E. Ruark and R. L. 
CHENAULT, Bureau of Standards.—In 1904 Lewis showed that when active nitrogen is 
brought into contact with a metallic vapor the spectrum of the latter is excited. Active 
nitrogen is now believed to consist of metastable N, molecules. Hence, it appears that 
the metallic atoms are excited by collisions of the second type, as suggested by Saha. 
Using the spectroscopic data of Fowler and Strutt, Saha concluded that the average 
energy of active nitrogen corresponds to 8.8 volts per molecule (incorrectly computed 
as 9.4 volts). We find that mercury lines requiring 9.52 volts for their production, e.g., 
43021, 2p,—4d,, are strongly developed, while exposures of 150 hours failed to bring 
out lines requiring 9.66 volts, e.g., any line involving the term 4s = 5965 cm™ or terms 
of smaller wave number. 


26. The Balmer law as an equation of motion. Lricu Pace, Yale University.— 
The electron has three principal properties: (1) it produces a field, (2) it is acted on by 
an external field, (3) it possesses amass. Heretofore these three properties have been 
supposed to be coincident. The present paper is a study of the results obtained by 
dissociating (2) and (3) from (1). The force (2) is taken to be the difference of the 
potentials at two points on the radius vector a finite distance apart (extended potential), 
and the kinetic reaction (3) is obtained by subtracting the vector velocities at two points 
a finite distance apart on the tangent to the path. The resulting equation of motion 
leads to unifrequentic motion in an ellipse with focus at the nucleus. Both the potential 
energy and the total energy are identical in form with that given by classical dynamics. 
The equation of motion has been applied to the case where the mass of the nucleus is 
finite and to linear simple harmonic motion. 


27. On the fields of force within atoms. H.C. Urey, Johns Hopkins University 
(introduced by R. W. Wood).—Fues and Hartree have attempted to describe the orbits 
of electrons in atoms of higher atomic number by assuming that each electron is moving 
in a static field of force, assumed to be the same for all electrons, and that the spectral 
terms give the total energy of the electrons moving in this static field. The author has 
repeated these calculations and has improved the method by taking more care in making 
the relativity corrections. This work shows that one central field can be chosen such that 
the quantum numbers assigned by Bohr are integral within the limits of accuracy of the 
experimental data and the possible effects of chemical combination. It has been found 
impossible to fit the even levels to a similar field in accordance with the suggestions of 
Landé in regard to the character of these orbits nor to fit them tothe same field as the odd 
levels by using half quantum numbers. The suggestion of Landé that the so-called 


relativity doublets are due to magnetic fields is regarded as correct and is further dis- 
cussed. 
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28. Polarization of resonance radiation. A. ELLETT, National Research Fellow 
Johns Hopkins University and Bureau of Standards.—The polarization of sodium 
resonance radiation in magnetic fields has been studied under conditions where the 
depolarization action of high vapor pressure and of hydrogen was eliminated. The decay 
of polarization produced by a field perpendicular to the exciting light beam and its 
electric vector is well represented by an equation of the form P—Pye~*”,_ In the absence 
of a magnetic field the direction of maximum electric intensity in the resonance radiation 
is parallel to the electric vector of the exciting light. A field perpendicular to the direc- 
tion of the exciting light beam and its electric vector produces a rotation of this maximum 
in the direction of the Larmor precession, and from the magnitude of this rotation we 
may calculate 7 the interval between excitation and emission. It is found that resonance 
lines for which the quantum theory predicts polarization in a magnetic field, such as 1s — 
2p1, 22 —3d, show polarization in the absence of a field, while lines for which no polar- 
ization is predicted, such as 1s—2p2, 261—2s, 2p2—2s, show no polarization in the 


presence of a field. 


29. Polarization of resonance radiation and the quantum theory of dispersion. 
G. Breit, Carnegie Institution of Washington.—The experimental results of Wood and 
Ellett and some unpublished results of Ellett are treated by means of virtual oscillators 
on the following assumptions: (1) The virtual oscillator behaves as a classical oscillator 
with damping. The behavior in a magnetic field is worked out and gives the main 
features of the experiment. (2) The damping of the oscillator is removed but instead 
interruptions in its action due to quantum jumps are introduced. Similar results are 
obtained. The agreement of (1) and (2) suggests a treatment of dispersion in the ab- 
sorption bands which does not invoke the loss of energy by radiation of the virtual 
oscillators. In this sense the oscillators are seen to be purely virtual since they give 
no loss of energy in radiation. 


30. The nature of resonance radiation. J. C. SLATER, Harvard University. 
—It was suggested by Bohr, Kramers and the author that absorption and emission of 
radiant energy by quantized atoms takes place continuously during the stationary 
states, while the atomic energy changes discontinuously at transition, exact conservation 
of energy being discarded. An atom excited, for example by impact, continuously emits 
light of the frequencies of quantum emission lines; while incident light striking an atom 
induces in it vibrations resembling those of classical oscillators of natural frequencies 
equal tothe quantum absorption frequencies. The wavelets arising from these vibrations 
interfere with the incident light to produce absorption and dispersion, as in the classical 
theory. These induced wavelets also must emit scattered radiation, which becomes large 
when the impressed frequency approaches an absorption frequency; and it is now sug- 
gested that this is the resonance radiation, which would be emitted on this assumption 
by atoms in the normal state. Although practically a return to the classical picture of 
resonance, it appears possible to carry through the suggestion without contradictions. 
On this view, it becomes much easier than before to understand the large polarization of 
resonance radiation of mercury in the absence of a magnetic field; the depolarization by 
a field can also be interpreted. 


31. Virtual oscillators and scattering in the quantum theory. J. H. VAN VLECK, 
University of Minnesota.—According to the Maxwell field equations scattering is 
necessarily concomitant to dispersion. Consequently the ‘virtual oscillators” employed 
in the quantum theory by Bohr, Kramers, and Slater must scatter as well as absorb 
energy. According to Becker (Zeits. f. Phys. 27, 173) the energy Bphy absorbed by quan- 
tum transitions equals the excess of absorption over scattering by the virtual oscillators. 
On this view there are two kinds of scattering in the quantum theory; viz., a quasi- 
classical scattering by virtual oscillators and a scattered resonance radiation emitted 
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when the electrons return to their initial orbits. Arguments are presented for the 
alternative view that the term Bph»v equals the gross absorption by virtual oscillators, 
rather than absorption minus scattering, and that the scattering by the phantom reson- 
ators is to be identified with the energy Ahy emitted in spontaneous quantum transi- 
tions. There is then only the resonance radiation type of scattering. 


32. A quantum theory of the impulse radiation. F. W. Buss, National Research 
Fellow, University of Chicago.—Evidence is presented indicating that the quantum 
ejects the photo-electron by an impulse in the direction of the ‘‘electric force.” It is 
assumed conversely that a similar reaction perpendicular to the direction of emission of 
the quantum acts on the cathode electron during creation of the quantum. This requires 
that the frequency of the radiation emitted at angle ¢ with the cathode stream not exceed 
mB*c*sin* /[2h(1 where Bc is the velocity of cathode electron; 
hence the forward radiation exceeds the backward in hardness, in agreement with 
observation. Assuming that the “electric force’’ of the quantum is determined by the 
impulse acting in its creation, polarization results agree with those of the wave theory 
and hence with observation. Although the distribution of intensity from a target is a 
statistical problem, it is shown that the results of Stark and Loebe agree with this 
theory. The view is proposed that the quantum is a tiny corpuscle which undergoes a 
sideways cyclic internal motion as it proceeds. New experimental evidence for this view 
of the “vector quantum” is discussed. 


33. A possible reconciliation of Bohr’s interpenetration ideas with Sommerfeld’s 
relativistic treatment of electron orbits. R.A. MILLIKAN and I. S. Bowen, California 
Institute of Technology.—It is shown that the only possible way of escape from the 
dilemma presented by the discovery that the relativity-doublet formula holds throughout 
the field of optics as well as that of x-rays is to be found in the following assumption. 
The relativity cause is retained to account for hydrogen and ionized helium, and rela- 
tivity plus an electrostatic screening difference is assumed to account for the L; Ls or 
in optics the sp; energy difference. L, Ly , usually ascribed to relativity are now assumed 
to have no relativity difference at all since they are assumed to be of the same shape. 
Their energy difference is taken as due to some new cause of a non-relativistic nature 
which nevertheless gives rise to a fourth power law, like that found in the relativity 
equation. Further, this cause must even yield numerical constants which are fairly close 
to those deduced from the relativistic postulate of change of mass with speed. This isa 
violent assumption, but slightly less violent than the complete discard of either relati- 
vistic or interpenetration ideas. The paper discusses the rigidity of the conditions which 
must be imposed upon this cause. 


34. Half quanta and the specific heat of hydrogen. E. Hutcuisson and J. H. 
VAN VLEcK, University of Minnesota.—To account for the band spectra of hydrogen 
half quantum numbers may be used. Assuming a rigid dumbbell model R. C. Tolman 
found that half quantum numbers, and a probability p,=2n+1, (w=1/2,3/2, . . . ) 
gave as good rotational specific heat curves, at low temperatures, as Reiche’s values. If 
half quanta are used in the theory of E. C. Kemble and J. H. Van Vleck, which considers 
an elastic model and includes vibrational energy, the calculated specific heat curves 
cross the experimental curves at about 700°K for the value of the moment of inertia 
used. The values, being too low at room temperatures and too high at high tempera- 
‘ures, cannot agree with experiment. If the probability p, =2m is used, the curve rises 
(oO a maximum above the classical value at room temperatures, which is contrary to 
experiment. Y. Takahashi finds spectroscopic agreement of half quanta for hydrogen 
band spectra, excluding m = 1/2. Computations excluding n = 1/2 were made, but, with 
probabilities p, =2n+1 and p, =2n—1, the curves do not agree with experiment. Using 
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pn =2n the curve agrees fairly well at low temperatures, but probably will not agree at 
high temperatures as well as the curve for whole quanta. 


35. An electromagnetic theory of quanta. F. RusseLt Bicnowsky, Johns Hopkins 
University.—The failure of the Maxwell theory to explain spectral distribution and other 
quanta relations of free radiation shows that even applied to free space the electromagnet - 
ic field equations of Maxwell cannot be true in detail. If these equations are modified by 
substituting for the electric and magnetic force, D and H, the quantities (D?— hv) and 
(H?—hy)}, light may still be considered as propagated by waves and no change is 
required in the equation for the velocity of light, or for its reflection, transmission, 
polarization and interference. The modified field equations are also consistent with the 
principle of least action and with the conservation and equipartition of energy. The 
average energy of a light wave is: E= Emarwellt—hv. The distribution is: 5E By, 
The mean energy of a light wave in terms of temperature is: E=hv/(e’/*T—-1), 
These new field equations permit the existence of electromagnetic systems where the 
accelerations which do not emit radiation are not compensated. It is proved that such 
systems in general must fulfil differential conditions equivalent in the integrated form 
to the integral quantum conditions of Sommerfeld. The radiation produced when such 
a system of N electrons changes from one such non-radiating state to another is the 
same as would be produced by N oscillators of the classical type, with frequency and 
energy equal to the difference of their frequencies and energies in the non-radiating 
states. 


36. Relativity, the quantum phenomena, and a kinematic geometry of matter and 
radiation. A.C. LUNN, University of Chicago.—The theory indicated in an earlier paper 
(Phys. Rev. 21, 711, 1923), has since been developed, extended in scope, and so ordered 
as to permit of treatment as a deductive space-time geometry. It unites the treatment 
of the quantum phenomena with the rest of physical theory in a way that yields to 
illustration by familiar physical images. It resolves into matters of choice a number of 
hitherto controversial alternatives in the interpretation of phenomena, and allows free- 
dom of use of a range of concrete types of representation including many other concepts 
commonly discarded. Among special topics more recently found to afhliate with the 
scheme may be mentioned the Stark and Zeeman effects and fine structure, resonance 
potentials, and the intensity and distribution of general x-radiation. Improvements have 
been made in the setting of the formulas connecting e, h, and m with pre-electron data. 
A program has emerged for the foundation of a trial mathematical chemistry by deter- 
mination of types of atoms, valence, number of isotopes, atomic weights, and spectrum 
levels. 


37. The range of alpha-particles in various media. Exiiot Q. Apams, Nela Re- 
search Laboratory.—The air equivalent of metal foils or mica sheets is known to differ 
for a-particles of different velocity. Consequently, the relation of Geiger, that range is 
proportional to the cube of the velocity of the a-particles, cannot be exact for all sub- 
stances, if for any. Assuming the work done by the a-particles divisible into two parts, 
one representing the work of primary ionization, directly proportional to distance 
traveled, the other comprising the kinetic energy imparted to those ions, proportional 
to the square of the ‘‘\ime of collision” and therefore inversely proportional to the square 
of the velocity of the a-particle, gives the equation A =«—log (1+ 6), in which ¢ is the 
energy of the a-particle in terms of the energy at that velocity which makes the two work 
fractions referred to equal, for the medium under consideration, and A is the distance in 
such units that the ratio of A to « approaches unity for high velocities. This equation 
agrees well with the measurements of Kapitza and of Marsden and Richardson. It 
leads to a modification of the Geiger and Nuttall formula from which the periods of the 
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substances responsible for the long-range a-particles from Radium C have been calcu- 
lated. 


38. Critical potentials associated with excitation of alkali spark spectra. F. L. 
Mou _er, Bureau of Standards.—Since the structure of alkali spark spectra is of the rare 
gas arc type their excitation must require removal or displacement of two electrons. 
It is found that this double excitation may be effected either by two successive electron 
collisions or by a single collision. The former process is favored by high current density 
and the minimum potential for this gives the work required to remove an electron from 
the rare gas shell of the normal atom. With low currents the excitation potential is 
from 8 to 10 volts higher and measures the work required to remove two electrons from 
the atom. Current densities greater than about .02 amperes per cm? give appreciable 
successive excitation. Electrical measurements of radiation effects and of ionization give 
more accurate values for these potentials and indicate that there is an increase in ioniza- 
tion at the lower potential. Values in volts are: Na, 35, 44; K, 19, 28; Rb, 16, 25; Cs, 14, 
22; Li, lower point 54. The lower potential is in each case equal to the observed ioniza- 
tion potential of the preceding rare gas ion. 


39. Probabilities of ionization by electron impacts in hydrogen and argon. K. T. 
Compton and C.C. Van Vooruis, Princeton University.—Electrons from a hot filament 
were projected into and along the axis of a metal cylinder with speeds controlled by the 
accelerating voltage, from 0 to 325 volts. The space within the cylinder was as nearly 
ficld free as was consistent with the necessity of preventing electrons from reaching the 
negatively charged collecting electrode, which consisted of a set of five small wires 
placed as far as possible from the path of the electrons. The construction and experi- 
mental conditions were such as to render negligible the effects of radiation and of 
cumulative ionization, and curves were reproducible within one percent. In hydrogen 
the probability of ionization at a collision increased from zero at the minimum ionizing 
potential of 16 volts toa maximum of 0.31 at 125 volts, and then decreased regularly to 
0.25 at 325 volts. In argon the maximum was 0.48 at 130 volts and it fell to 0.41 at 325 
volts. In these calculations the kinetic theory value of mean free path was assumed 
and there is possible a slight correction for the temperature of the gas which has not yet 
been accurately measured. A slight effect of multiple ionization is observable. An 


approximate expression is found for the probability of ionization as a function of speed 
which is fairly accurate up to 100 volts. 


40. The second ionizing potential of argon. H. D.SmytH and Henry A. Barton, 
Princeton University.—The method of combining ionization by electron impacts with 
positive ray analysis developed by one of the writers has been applied to argon. Since 
this arrangement separates the singly and doubly charged ions, it was possible to deter- 
mine directly the minimum energy necessary to produce the latter. It was found that in 
argon doubly charged ions could be formed from normal neutral atoms by single impacts 
of 45+2 volts. Experiments of other observers have shown that part of the “blue” 
spectrum of argon appears at 34 volts. They assumed that this was the first enhanced 
spectrum excited by single impacts and gave 34 volts as the second ionizing potential. 
|.vidently either the appearance of these blue spectrum lines at 34 volts was due to 
cumulative effects or this part of the blue spectrum is not the entire first enhanced 
spectrum. In support of the former alternative is the fact that a 34 volt impact would be 
just sufficient to give a neutral, excited atom the total 45 volts energy needed for double 


ionization. There is evidence that the concentration of such excited atoms may be 
unusually large in argon. 


41. The production and control of successive ionization by collision in a photo- 
electric cell. J. TyKocinsk! TyKOcINER and J. Kunz, University of Illinois——New 
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forms of gas-filled photo-electric cells have been developed in which the distance between 
the electrodes (8-15 cm) exceeds many times the free mean path of the gas molecules. 
The cell together with a thermionic current-limiting device and a milli-ammeter is in- 
serted in a circuit containing a source of continuous or alternating electromotive force 
of high potential (300-3000 volts). Photo-electrons emerging from the cathode (potas- 
sium) under the influence of light ionize the gas (helium) by successive collisions and 
produce currents about a thousand times larger than those obtainable by the usual photo- 
electric cell as used for photometric purposes. The currents thus produced depend on 
the intensity of illumination, pressure and nature of the gas, the distance between the 
electrodes and the potential applied. The thermionic current-limiting device is used to 
stabilize the ionizing process, by preventing a sudden transition of the discharge, which 
depends on the supply of photo-electrons, into a self-sustained discharge. By varying 
the filament heating current of the thermionic device a gradual transition is achieved of 
the invisible discharge into a glow-discharge controlable by an external source of illum- 
ination and finally into an independent striated discharge. A special three electrode 
photo-electric cell is used in conjunction with two thermionic current-limiting devices 
permitting the utilization of both phases of an alternating source of potential. 


42. Electron emission from Wehnelt cathodes. L. R. Kotter, Edison Lamp 
Works, Harrison, N. J.—Measurements have been made on the electron emission from 
Wehnelt cathodes consisting of platinum iridium ribbon coated with the oxides of 
barium and strontium. Under good vacuum conditions the emission is in accordance 
with the formula The constants in the equation are a=1.07 X 1073, 
6=12,100. In the presence of oxygen the emission is “poisoned” and the values measured 
are very much lower than those observed in vacuum. The emission still follows the same 
equation but a has increased to 4.27 X 10° and } has increased to 35,900. The increase 
in emission due to the increase in ais more than counterbalanced by the decrease due to 
the increase in b, so that the net result is a big decrease in emission. The filament can be 
restored to its initial condition by pumping out the oxygen while the filament is burning. 
The values observed are nearly independent of oxygen pressure from 1/10 up to 
pressures sufficient to appreciably cool the filament. 


43. Heat of evaporation of electrons. J. J. WeiGLe, University of Pittsburgh.— 
The alkaline earth metals crystallize in the face centered cubic system just as their 
halogen salts. We can then assume that the electrons have taken the places of the 
negative ions. The calculations of the grating energies give Ca 449 (451), Sr 407 (420), 
and Ba 401 (387) in kg-cal. per gram atom. In parentheses are the values obtained from 
U=J}+J2+S, where S is heat of evaporation, J, the ionizing energy of Ca, and J; that 
of Cat+. Applying the formula given in a former paper, we obtain for the work function 
of Ca, 2.45+.30 volts (observed value 2.24). The metals Ag and Cu crystallize in the 
faced centered cubic system and the space lattice of electrons must be exactly similar to 
that of the positive ions. The work ought then to be half the grating energy. We obtain, 
thus, for Ag, U =184, Lp =3.95 (4.1); and for Cu, U = 186, Lp = 4.00 (4.00). U isin kg-cal. 
per atom and Ly in volts per electron. (Cf. this issue p. 187.) 


44. Heat of evaporation of electrons of calcium. J. J. We1GLe, University of Pitts- 
burgh.—Assuming that in crystalline metals the electrons are placed on space lattices, 
it is possible to calculate the potential energy of each electron. We first calculate the 
potential due to all the positive ions and all the electrons but one at the point where the 
omitted electron is placed. We find for Ca 4.8 volts. If now we evaporate the crystal 
into positive and negative ions we furnish for each electron an energy equal to half the 
above potential multiplied by e. This gives the heat of evaporation of the electrons of 
Ca as 2.4 volts per electron. In a preceding paper we have shown that this energy can 
also be calculated by thermochemical considerations. The close agreement between the 
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three values obtained from (1) the space lattice constant and the coefficient of com- 
pressibility (2) the heat of evaporation of the metal, its ionizing energy and the radii of 
the ions and (3) the measurements of the thermionic emission, seem to be in favor of our 
initial assumption. 


45. The thermionic photo-cell. V.K.Zworykin, Westinghouse Elec.and Mfg.Co.— 
A thermionic device with the output controlled by light is constructed for the purpose 
of using it as a photo-cell. The device delivers several milliamperes and therefore 
operates directly, without additional amplification, all kinds of mechanical relays of 
medium sensitiveness. It consists of four electrodes: filament of oxide coated type, 
first grid used as main anode, second grid of finer mesh in electrical contact with silver 
coated inside walls of the container, and fourth electrode in shape of cylinder enveloping 
the whole structure. The inside of the bulb, with the exception of a window for the 
admission of the light, is coated with distilled alkali metal. The bulb may contain argon 
under low pressure. In operation, the filament is heated to a low temperature, which 
together with specially arranged shields, prevents the direct illumination of the light 
sensitive coating by the filament. The circuits used for various purposes and the curves 
obtained are described. 


46. Photo-electric sensitivity of metals at low temperatures. RusseLLS. BARTLETT, 
Yale University.—Waterman's theory of electrical conduction indicates that metals at 
very low temperatures should show a change in resistance when subjected to light of 
suitable frequency. Sputtered films of certain metals were cooled to liquid air tempera- 
ture, and changes in resistance were noted when light from a mercury vapor lamp was 
allowed to strike the films. This change, a decrease in resistance, was of the order of 
16 parts in 10° for bismuth, decreasing gradually through palladium, copper and plati- 
num to no detectable change for gold and silver. These results were in good qualitative 
agreement with theoretical predictions, calculated from resistance data. The change in 


resistance decreased rapidly, both with increasing temperature and with increasing 
wave-length, the limit of effective radiation being about 3000A. For bismuth films, 
artificially or naturally aged, another peculiarity was noted, an increase in resistance due 
to the influence of light under certain conditions, of a magnitude about ten times the 
previously mentioned decrease. A preliminary test showed that this was probably due 
to long waves in the infra-red or beyond. 


47. The photo-electric effect in potassium vapor as a function of the light frequency 
and intensity. Ernest Lawrence, Yale University.—Light from a Pfund iron arc 
after resolution by a Hilger monochromatic illuminator passed through a jet of potassium 
vapor of the sort used by Williamson (Phys. Rev. 21, 107, 1923) and into a potassium 
photo-electric cell. The ratio of the photo-electric currents from the vapor and from the 
solid potassium were observed for a range of wave-lengths extending from 2280 to 3500A. 
It was found that this ratio increased rapidly with decreasing wave-length. Making use 
of data given by Souder (Phys. Rev. 8, 310, 1916) on the selectivity of solid potassium, 
this result indicates that the photo-electric effect in the vapor per unit intensity of light 
increases with decreasing wave-length approaching a maximum in the neighborhood of 
400A below the threshold wave-length. The photo-electric threshold occurs approxi- 
mately 270A below the value given by Williamson. However, this is a tentative result 
which is being further investigated These experiments were made at the University of 
Chicago. 


48. Ionization by ultra-critical frequencies. E. M. Littie, University of Illinois, 
(introduced by J. Kunz).—The work of Kunz and Williams on the critical ionization 
frequency for an alkali vapor by ultra-violet light (Phys. Rev. 22, 456, 1923) is being 
extended to determine the ionization efficiency of ultra-critical frequencies of mono- 
chromatic ultra-violet light. The recent work of Harrison (Phys. Rev. 24, 466, 1924) is 
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very interesting in that it throws some indirect light on this subject. The whole question 
of the absorption of light is involved and it seems probable that a large part, although 
not all, of the absorption is due to the energy required to eject electrons and give them 
translational energy. It is the purpose of the present investigation to determine how 
closely the sum of the energies of ejection and translation of the electrons equals the 
loss of energy in the ionizing beam. The difference should be the energy of the scattered 
light which of course has lower frequencies. Monochromatic jight is used in all cases. 


49. A new photo-electric valve. V.M.ALpBers, University of Illinois (introduced 
by J. Kunz).—The photo-electric phenomenon discovered by Tykociner and Kunz 
(Science 59, 329, 1924) has been studied further. A very pronounced maximum has been 
found in the amplification curve at low voltages. The influence of filament temperature 
has been studied and also the effect of intensity and color of light has been investigated 


50. Preliminary report on a super-conducting state of copper. WHEELER P. 
Davey, General Electric Co.—Theoretical considerations made it seem that the electrical 
conductivity of single-crystal metal should be different in different directions in the 
crystal. Using cylindrical molds, large single crystals of copper of commercial purity 
were therefore grown about half an inch in diameter and about six inches long by the 
method of P. W. Bridgman. Using an x-ray method previously described (Phys. Rev. 
23, 764, 1924), it was shown that a cubic axis was always parallel to the axis of the 
cylinder. Conductivity measurements were made in the direction of the cubic axis. The 
crystal was then hammered and swaged to change it into polycrystal copper and an- 
nealed 30 minutes in hydrogen at 800°C. The conductivity was then again measured. 
In this way the conductivities of single-crystal and annealed polyecrystal copper could be 
compared without reference to the purity of the metal. At 20°C the specific conductivity 
of single-crystal copper along the cubic axis was found to be 0.662 X10® ohms per cm? 


as against 0.584 for the same specimen in the annealed polycrystal state. This represents 
an increase of 13 percent in conductivity. The specific conductivity of ordinary annealed 
polycrystal ‘‘conductivity copper’’ at 20°C is 0.578. (Calculated from original data 
given by F. Jenkin in “Reports of Electrical Standards,” p. 228, E. and F. N. Spon, 
1873.) Matthiessen’s value for the purest annealed po!ycrystal copper was 0.572 at 
20°C. (Landolt-Bornstein tables). 


51. Some recent experiments on the Hall effect. Parmer H. CraiG, University 
of Cincinnati (introduced by S. J. M. Allen).—It was found that dipping mica into 
molten bismuth at a carefully regulated temperature produced a surprisingly thin and 
uniform film, whereas electroplating and spraying methods gave rather poor results. A 
field of one gauss was sufficient to give a very appreciable Hall effect in a small cast plate 
of bismuth. To determine whether the Hall effect is additive the potential difference set 
up in one plate was put in series with that in another similar plate. When thus connected 
the series effect was the sum of the potentials due to the Hall effect in the individual 
plates. It was also found that the observed effect in any plate could be added to an 
external e.m.f. such as that produced by a standard cell. Similar experiments in tellurium 
and permalloy show that the Hall effect in permalloy does not show the peculiarities 
shown by its other magnetic properties. 


52. Physical phenomena obscuring the Hall effect. Wuttiam A. Tripp, Medford, 
Mass.—The customary electromagnetic laws supplemented by only legitimate assump- 
tions, should be used in determining the formula for the Hall effect. These laws and two 
assumptions, found satisfactory in other cases, indicate a uniformly negative Hall e.m.f. 
and an increase in resistance. The usual method of measuring the Hall e.m.f. permits end 
effects to mask and even reverse the sign of the result. Only long narrow films should be 
used to measure the effect. 
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53. The effect of pressure on the electrical resistivity of graphite. O rive B. Brem- 
NER and Braprorp Noyes, Jr., Cornell University.—A previous investigation of the 
effect of temperature on the resistance of graphite (Noyes, Phys. Rev. 24, 190, 1924) 
showed that at 500°C the resistance in air at about 1/4 atmosphere was four percent 
lower than in a vacuum. A similar specimen was mounted in a Pyrex tube, heated in an 
electric furnace. The resistance was studied as a function of the pressure, using different 
gases at various temperatures. In nitrogen, between 115° and 500°C, the pressure 
coefficient of resistance was found to be negative. At room temperature it was zero. 
This coefficient increased with increased temperature and decreased with increased 
pressure. The drop in resistance was principally at pressures between 0 and 10 mm. 
The coefficient changed less with pressure at higher temperatures. Similar results were 
obtained in carbon dioxide between 300° and 400°C. At 308°C the coefficient for carbon 
dioxide is similar but greater than that for nitrogen at the same temperature. In helium 
the pressure coefficient is practially zero from 30° to 500°C. 


54. Properties of the alkali metals under pressure. P. W. BrinGmMan, Harvard 
University—The measurements previously made for Li, Na, and K have now been 
extended to Rb and Cs, permitting a comparison of all the alkali metals. The properties 
measured are the melting data, the compressibilities, and the electrical resistance. The 
resistance of solid Cs passes through a minimum with rising pressure; the previous 
announcement of a second polymorphic form at high pressures was incorrect. The mini- 
mum does not seem to be connected with the crystal structure, but would probably be 
shown by the liquid also. Comparison with results for the other metals suggests that it is 
not impossible that these may also have minima at pressures sufficiently high. It appears 
in general on comparing the five metals that potassium is anomalous; its volume is too 
high, its compressibility remains too high under high pressure, and its melting curve 
rises too rapidly to fit smoothly with the results for the other metals. 


55. The motion of ions in liquids. B. Cassenx, Washington Square Laboratory, 
New York University (introduced~by H. H. Sheldon).—It was observed by Kraus 
(Jour. Am. Chem. Soc. 30, 1323, 1908) that when a potential is applied across a solution 
of lithium in liquid ammonia, a clear space appears around the anode easily distinguished 
from the usual blue color of the solution. By observing and making measurements upon 
this effect, it is shown that Maxwell's distribution law does not hold for the motion of 
ions in liquids, that a maximum velocity due to thermal agitation exists which is rarely 
if ever exceeded, and that this maximum velocity for lithium ions in liquid ammonia 
is equivalent to a potential drop of about 1.8 x 10- volts. 


56. The effect of heat treatment on the contact potential difference of nickel 
and copper. J. E. Saraper, Drexel Institute.—The contact potential difference 
between nickel and copper was measured in the usual manner by drawing the 
metals apart in a Pyrex glass container. Before heat treatment it was about 
+0.25 volt. Baking the glass container in an electric oven for one and one-half hours 
at about 450°C in a high vacuum with liquid air trap produced but little change. Sub- 
sequent simultaneous heat treatment of both electrodes in high vacuum by induced high 
frequency currents while separated by fifteen centimeters, during which time a barrier was 
interposed, caused the contact potential difference to change from +0.25 v to —0.15 v. 
This effect could be reproduced with only slight variations. With the mercury vapor 
pump stopped but with liquid air still on the trap no appreciable change took place 
in the contact p. d., but on removing the liquid air from the trap it gradually reversed 
sign returning to its former value. Heat treatment of the nickel electrode alone slightly 
reduced the contact p. d. while subsequent heat treatment of the copper electrode 
reduced it to its lower value. It seems to be affected largely by water or mercury vapor 
but very slightly by dry air even up to pressures of one millimeter. This work was made 
possible through the courtesy of the Department of Physics, University of Pennsylvania. 
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57. The effect of light on the thermoelectric power of selenium. R.M.HoLMEs, 
Cornell University—Thin layers of very pure selenium were melted on pieces of ground 
glass and rapidly cooled to room temperature. The selenium was then in the amorphous, 
non-conducting state and sufficiently thin for transparency to red light. By annealing in 
a constant temperature bath the material was transformed into the grey crystalline 
modification, becoming conducting. After cooling it was light sensitive as regards con- 
ductivity. The thermo-electric power of each sample against copper was measured for 
various intensities of illumination by a compensation method using a sensitive Compton 
electrometer as a null instrument. This method was necessary since the resistance of 
some selenium samples was 200 megohms each. The resistances of each sample were 
measured for the same illuminations and at the same temperatures used in the thermo- 
electric power determinations. Light decreased the thermo-electric power by about 
5 percent at the same time increasing the conductivity by about 700 percent of the dark 
value. The thermo-electric power within this narrow range was directly proportional 
to the resistance. If light in some way increases the interatomic space occupied by con- 
ducting electrons then both the increase in conductivity and the decrease in thermo- 
electric power may be accounted for by electron theory. 


58. The influence of temperature gradient on some thermo-electric effects. A. 
NorMaN SuHaw and F. G. Apney, McGill University.—A brief review is given of the 
limitations of the existing theories of the thermo-electric circuit. The well-known 
equations dE/dT=a+bT; P=TdE/dT; o—c'=Td*E/dT*, connecting the thermo- 
electric power, the Peltier coefficient and the Thomson coefficients with the temperature 
and with characteristic constants for the materials of the circuit, are found to give an 
apparent agreement with observation only over a very limited range of temperatures. 
This is also true of the more recently developed formulas based on the electron theory of 
conduction. Experiments are described which show that a Seebeck effect in a homogene- 
ous conductor can be obtained when the conductor is subjected to asymmetrical tem- 
perature gradients. Confirmation is obtained of some of the phenomena described by 
Benedicts, and the existence of other effects is also pointed out. It is shown that any 
results which can be embodied in a Tait thermo-electric diagram can be explained in 
terms of a theory which ascribes the seat of the e.m.f. in the Seebeck effect to the 
regions where a temperature gradient is found. 


59. A new arrangement for measuring magnetostriction. L. F. MiLLer, Univer- 
sity of Minnesota.—A wire anchored to rigid posts at each end of a heavy slate slab 
about 10 ft long, extends horizontally through a magnetizing solenoid, wound on a glass 
tube. The heat insulating power of glass delays the heating effect sufficiently to observe 
independent magnetostrictive values for quite high values of current. The long solenoid 
is broken and separated at the center sufficiently to enable an optical lever to be rested 
upon the wire at this point. By means of the sag and the multiplication of the optical 
lever. using a lamp and scale,1 mm on the scale may be made toindicate about .87 X 1077 
mm change per mm length of wire. For iron wire (.997 pure) a small decrease in length 
for the first small values of an increasing magnetic field is followed by an increase and 
then a decrease. When the magnetic field is reduced step by step to zero and then is in- 
creased step by step, iron shows no lag and gives the same form of curve in both direc- 
tions. Pure nickel shows a continuous decrease in length as the field is increased, then 
returns with a lag and shows a reversal with lag as the magnetic field is reversed. The 
data on tension and thermo-electric effects are as yet incomplete. 


60. The thermodynamical equations determining the distribution of the consti- 
tuents of a mixture between its phases. R. D. KLEEMAN, Union College.—Given the 
volume of a mixture and the masses of the constituents, the equations determining the 
number of its phases and the distribution of the constituents have been obtained. Thus 
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if the mixture involves m constituents and exists in m phases it will satisfy » equations 
expressing that the total mass of each constituent is equal to the sum of the masses in 
the phases, m—1 equations that the pressures of the phases are equal, one equation that 
the volume of the mixture is equal to the sum of the volumes of the phases, and (m—1)n 
equations of the type (0p1/8 Mia) —RT log Mig= —RT log Mig 
where M, v, p denote mass, volume, pressure, and the suffix a refers to the constituent a, 
and the suffixes 1 and 2 to two different phases. These equations may be transformed 
into more useful forms on eliminating the pressures by means of the equation of state 
referring to a homogeneous mixture. Any empirical equation of state may be used on 
determining its constants by applying it to homogeneous mixtures at different tempera- 
tures containing different proportions of the constituents. 


61. On the conditions and transformations of energy. Joun Q. Stewart, Prince- 
ton University.—The fundamental conditions in which energy exists are (1) as (chaotic) 
thermal energy; (2) as (ordered) mechanical energy; (3) in quantized states; (4) as 
vibratory energy of bound and free electrons, of the sort specified by the classical 
electrodynamics; (5) as unordered radiant energy, the “light-darts” of photo-electric 
theory; (6) as ordered radiant energy, described by Maxwell's equations. The specific 
statement of these six categories, and in particular their arrangement in a series, is 
novel; although all the distinctions mentioned are definitely recognized in the literature, 
with the exception of that between (5) and (6), concerning which there is some doubt. 
This classification is useful as a basis for discussion of the principles which correlate the 
phenomena associated with each category, and which describe the transformation of 
energy from one to another of the designated conditions; and is especially of service 
in distinguishing the field of application of classical theory—namely, (2), (4), (6)— 
from that of quantum theory—(1), (3), (5). 


62. Entropy of quantized coordinates. E. H. KenNArp, Cornell University.— 
In order to deduce the Second Law of Thermodynamics from the assumed properties of 
atoms, one must show that the heat dQ possesses an integrating factor which can be 
chosen the same for bodies in thermal equilibrium. Let us suppose that a set of quantized 
coordinates having energy E is immersed in a huge ‘temperature bath’’ and spends a 
fraction y= Awe of its time in each quantum state, where w=“‘a priori probability,” 
which we shall assume to be an adiabatic invariant. Let a parameter a be varied slowly; 
then the quantized coordinates do work dW=-—datydE/da. But Zy=1; 0O=Xdy= 
dA/A — d\ZAwEe® — /dae® = dA/A — + dW, where U=mean 
energy =E. Thus dQ=\(dU+dW) =d(AU—log A) and isan integrating factor for 
dQ. The entropy can now be written, since if T=temperature, \=1/kT, S =f dQ/ T=k 
log (e U/ET log Eis uniform (and = U) over a number n of 
quantum cells and infinite elsewhere and if w=1, S=k log m. This suggests describ- 
ing the entropy as & times the weighted phase-space occupied by the coordinates, the 
weight of each state being taken proportional to the frequency of its occurrence with 
the mean-energy state as the standard. 


63. A general relation between an adiabatic coefficient of elasticity and the absolute 
melting temperature, for several metals. L. P. SieG, University of Pittsburgh.— 
By simple thermodynamic reasoning it can be shown that the adiabatic Young’s modulus 
Y’ is related to the ordinary isothermal modulus Y as follows: Y’ = Y—T(@Y/aT)z 
where T is the absolute temperature, and the subscript L indicates constant length. A 
similar equation holds for the coefficients of simple rigidity, m’ and m. Calculating Y’ 
(and n’) from published data for a number of metals, it is shown that Y’ (and nm’) remains 
constant until one reaches an absolute temperature about one-third that of the melting 
point of the metal in question, beyond which there is a sudden increase in the modulus. 
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The metals examined are Al, W, Cu, Fe, Ag, and Pt, which have a wide enough range in 
melting points to illustrate the general nature of the phenomenon. It is further shown 
that as long as either of these isothermal coefficients decreases linearly with increase in 
temperature, the adiabatic coefficient remains constant. The sudden increase in the 
latter is reached at a temperature where the decrease in the isothermal coefficient is more 
rapid than would follow from a linear law. A qualitative explanation is offered. 


64. The effect of humidity on the thermal conductivity of wool and cotton. HELEN 
StaFF, Mount Holyoke College (introduced by E. R. Laird).—By placing layers of the 
material between a central electrically-heated disk and two outer heavy copper disks 
around which water is circulated, the thermal conductivity can be measured close to 
room temperature and with any desired moisture content of the samples. Results show 
a fairly linear relation between conductivity and moisture content measured in percent 
of dry weight. The increase in conductivity for three samples of wool of widely dif- 
ferent dry weight was 2X10~, 1.7X10~, and 1.9 10-* for an increase in moisture of 
one percent of the weight, and for two samples of cotton 3.9 10~-® and 4.0X10-*. The 
moisture content for varying relative humidity was separately investigated. The result 
shows that the conductivity increases more nearly as the square of the relative humidity. 


65. Emissivity of thorium oxide. W.E. Forsytue, Nela Research Laboratory.— 
The emissivity (at \ =.665u) of thorium oxide has been measured by making a black 
body of the oxide after the method used by Worthing in determining the emissivity 
of tungsten. These black bodies consist of small tubes about 4 cm long, 2 mm outer diam- 
eter, and 1 mm inner diameter with a small radial hole for observation purposes. These 
tubes were heated by a number of gas flames, which by careful adjustment were found 
to give a quite uniform temperature. The results obtained depended upon the gas used 
in heating. For an air-gas blast values of emissivity were obtained that varied from 
about .40 at 1400°K to about .15 at 1800°K, while for a blast of oxygen and gas or 
oxyhydrogen the values of emissivity were independent of temperature and equal to 
about .40. 


66. An experimental determination of the coefficient of viscosity of solids. S. L. 
Qurimsy, Columbia University.—The equation of propagation of a plane longitudinal 
sound wave along a slender bar is made to include the viscous stress which arises from 
the shearing strain associated with this type of disturbance. This equation, when 
integrated on the assumption that the bar is excited to forced vibration, gives an expres- 
sion for the amplitude of vibration in terms of the frequency of excitation and the 
physical constants of the bar, including the coefficient of viscosity. Specimen bars of 
copper, aluminum and glass were excited by means of an alternating electric field im- 
pressed on a piece of piezo-electric quartz cemented to one end of the bar. The amplitude 
of vibration was observed by measuring the torque on a Rayleigh disk suspended imme- 
diately off the other end of the bar. Resonance curves were obtained showing the relation 
between the square of the particle velocity at the end of the bar and the frequency of 
excitation. Comparison of the observed with the theoretical curves establishes the 
validity of the theory and yields numerical values for the coefficients of viscosity of the 
several materials. These values are of the order of 10°, in marked disagreement with the 
values of the order of 10% obtained by other investigators using methods widely different 
from that here employed. 


67. Effect on acoustic transmission of resonators, orifices and channels in a branch 
line. G. W. Stewart, University of lowa.—The author's theory of transmission in a 
conduit with a branch line is applied to resonators, orifices and channels and the theory 
checked by experiment with the following results: (1) There is a satisfactory agreement 
between theory and experiment. (2) The effect of an orifice increases with decreasing 
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frequency. This explains the filtering effect of random orifices. (3) The effect of an 
orifice is due both to reflection and to dissipation to the exterior, the relative importance 
of the two varying with the frequency. (4) The effect of dissipation through viscosity, 
particularly upon the value and frequency of the minimum transmission, is indicated 
by the experiments with resonators. 


68. The relation between the loudness of a sound and its physical stimulus. 
J. C. STEINBERG, Research Laboratories of the American Telephone and Telegraph Co. 
and the Western Electric Co., Inc.—An equation has been formulated giving the relation 
between the loudness of a sound and the amplitude of the sound wave. Loudness is 
represented quantitatively on a scale such that sounds having the same numerical value 
on this scale, seem equally loud to the average normal ear, regardless of quality differ- 
ences. In order that this be the case, it is necessary to use a function of the pressure 
amplitudes of the component frequencies as the stimulus, rather than the amplitudes 
themselves, if we wish to regard the loudness as being proportional to the logarithm of 
the stimulus. The type of function to be used has been determined from experimental 
data on loudness and is probably an empirical representation of the stimulus at the nerve 
terminals rather than the stimulus in the external ear. Since the members transmitting 
the pressure wave from the ear drum to the cochlea are non-linear in their response, the 


pressure spectrum at the nerve terminals differs appreciably from the pressure spectrum 
in the external ear. 


69. A generalization of electrodynamics correlating the primary features of terres- 
trial magnetism, atmospheric electricity, and gravitation, under a scheme consistent 
with restricted relativity. W.F.G. Swann, Yale University.—Two sets of circuital 
relations are written down, one for the field due to positive electricity, and the other for 
the field due to negative electricity. The former set is, however, generalized by the 
addition to the 4-vector puz/c, puy/c, pu,/c, pi of two other 4-vectors involving time 
derivatives of order higher than the velocities. The invariance of the equations is pre- 
served; and, on combining the fields due to the positive and negative electricity in a 
neutral body, everything cancels except the contributions by the added terms. For the 
case of a uniformly rotating body these terms (a) make no direct contribution to the 
electric field, (b) give rise to a magnetic field depending on the angular velocity in such 
a way as to predict the correct ratio of the magnetic field of the earth to that of the sun, 
(c) destroy the equation of continuity in such a way as to give a dearth of positive 
electricity with time, leaving a growing excess of negative electricity which builds up 
until its rate of escape by the atmospheric electric current results in equilibrium. Gravi- 
tation becomes introduced by a generalization of the idea of a difference between the 
force of attraction between unlike units of charge and force of tfepulsion between like 
units, in a manner practically equivalent to that adopted in the theory of Lorentz. 


70. Further evidence regarding the correlation between the solar activity and 
atmospheric electricity. Louis A. Bauer, Carnegie Institution of Washington.— 
The correlation between solar activity and atmospheric electricity has now been traced 
for 7 sunspot cycles, beginning about 1843, and continuing to 1923. It was found that 
during 5 of the 7 cycles, the atmospheric potential-gradient and ranges of its variations 
all increased with increasing solar activity. For two of the sunspot cycles, the mean 
epochs of which are about 46 years apart, the reversed relation applied, that is, the 
potential gradient and ranges of its variations all decreased with increasing sunspotted- 
ness. The average rate of change of the atmospheric-electric quantities mentioned for a 
change of 10 in sunspot number, is about 3.0 percent, or about 30 percent for an average 
change in the sunspot number between the years of minimum and maximum. There are 
some indications that the vertical conduction current may also vary during a sunspot 
cycle, as described for the potential gradient and its variations. Whether the electric 
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conductivity of the atmosphere is similarly subject to extra-terrestrial influcnces cannot 
be definitely stated as yet, owing to meagerness of available data. These results will be 
published in full in the Journal of Terrestrial Magnetism, 


71. Some characteristics of earth-current storms. O.H.Gisu, Carnegie Institution 
of Washington.—A study of systematic observations of the natural electric currents 
flowing in the earth's crust shows that the diurnal chcnges take place largely along a line 
having a fixed direction at each place of observation. Thus the changes in direction, of 
the varying component, tend to be complete reversals. An examination of records of the 
more rapid changes which the earth-current vector undergoes at times, known as earth- 
current storms, shows that the varying component again is directed along a fixed line 
and that the changes in direction consist chiefly of approximately complete reversals. 
The fixed line along which these changes take place during normal times and also during 
times of storm has nearly the same direction as the magnetic meridian at all but one of 
the six places for which data have been studied. This characteristic of earth currents 
seems to be fundamental and should receive careful consideration early in any attempt 
to explain the origin of earth currents. It also suggests some possibilities of practical 
importance in the management of telegraph traffic at times of earth-current storms. 


72. The radium-emanation content of sea air from observations aboard the Carne- 
gie, 1915-1921. S. J. Maucuiy, Carnegie Institution of Washington.—Observations 
for determining the radioactive content of the air have been regularly made aboard the 
yacht Carnegie, when at sea, since 1909. From 1909 to 1914 the Elster and Geitel method 
was used, and the results obtained have been published elsewhere. Since 1915 observa- 
tions for absolute determinations have been made aboard the vessel using an adaptation 
of the Gerdien aspiration method. A summary is given of the final results of nearly 400 
observations for the period 1915 to 1921, showing in considerable detail the distribution 
of radium emanation over each of the major oceans. The mean value of the radium- 
emanation content over the oceans resulting from all the observations is 2.6 107"* 
curies per cubic centimeter. However, if observations which clearly show the effects of 
nearby land are excluded, the mean value of 1.2 X107"* curies per cubic centimeter is 
obtained from the remaining 333 observations. These results fully confirm the earlier 
conclusions of Simpson and of Swann to the effect that the radium emanation normally 
present in sea air well removed from land is entirely inadequate for producing the 
atmospheric ionization found in these regions. 


73. Measurements of the resistivity of large volumes of undisturbed earth. W. J. 
Rooney and O. H. Gisn, Carnegie Institution of Washington.—In studying the electric 
currents in the earth, knowledge of earth-resistivity distribution is desirable. A method 
seemingly well suited for obtaining such information was suggested by Wenner (Bur. 
Standards, Sci. Paper No. 258) and developed for use in electrolysis surveys by McCullum 
(Elec. Ry. J., Nov. 5, 1921). The apparatus here used is a modification of McCullum’s 
adaptation and was designed to measure the average resistivity of volumes of earth 
with linear dimensions as great as one mile. Measurements made over a deep homo- 
geneous fill, show average resistivities of 80,000 ohms per centimeter cube for filled, and 
12,000 for undisturbed soil. An approximate contour of tne original surface was deduced 
from the resistivities obtained for various electrode separations. Extensive measure- 
ments near College Park, Md., over alluvial deposit yielded resistivities varying near the 
surface from 20,000 to 120,000. A steady decrease with depth (or electrode separation) 
occurred, until a minimum, 11,000 was reached when soil about 250 feet below the surface 
began to affect the result. Soil from this depth down to about 1,700 feet gradually in- 
creased the resistivity to 30,000. A granite stratum, shown by borings and sonic depth 
measurements, at an average depth of 200 feet is the likely source of the higher resistivity 
contributed by the lower strata of earth. 
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74. Atheory of volcanoes. RicHARD HAmeR, University of Pittsburgh.—Accord- 
ing to the theory of isostasy, sedimentary deposits growing in thickness near the shores 
of large continental land masses cause an upheaval of the bordering portions of these 
loaded water covered plains. During upheaval silicaceous magma with a high water 
content permeates the fissures, faults and filaments of the uprising section. Laboratory 
experiments show that silicaceous magma can hold under pressure a high percentage of 
water content, whereas volcanic material holds much less. The origin of the silicaceous 
magma and its water conient is discussed. During upheaval to new geo-isotherms and 
geo-isobars the water is periodically ejected with other occluded gases through the 
filaments forming our active volcano. The periods will depend on the particular com- 
position which varies markedly. Active volcanoes are generally found where uplift is 
recent and are more likely to be found near the sea, which explains the actual facts. 


75. Summary of radiometric measurements of planetary temperatures. W. W. 
Cos_entz, Bureau of Standards, and C. O. LampLanp, Lowell Observatory.—Using the 
device first employed in 1921 for separating the planetary radiation into spectral com- 
ponents by means of transmission screens, and four methods of analyzing the results, 
estimates of planetary temperatures were obtained. Mars, no phase; east limb —45°C; 
west limb 0°C; north pole (winter) —706°C; south pole (summer) —60°C; night side 
estimated) —80°C; equatorial belt, bright regions 5°C, dark regions 15°C. Upper limit- 
ing temperatures of the outer atmospheres of Venus, Jupiter, Saturn, and Uranus —60°, 
—75°, —65° and —75°C, respectively. Mercury, 75° to 100°C; the unilluminated face of 
the Moon —75°C. The assumed temperatures of the irradiated surface of the moon, 
used in one method of calibrating the vacuum thermocouple radiometer, ranged from 
70° to 125°C. The intensities of the radiations from the dark and from the illuminated 
south cusp of Venus were found greater than those emanating from corresponding points 
near the north cusp. This result together with the observed radiation from the dark 
part of the planetary surface, raises the question whether the period of rotation is short 
and whether there is a periodic variation in the inclination of the axis of rotation to the 
sun, analogous to seasonal changes on Mars and on the earth. 


76. Formulas for the amplification constant for three element tubes in which the 
diameter of grid wires is large compared with the spacing. F. B. Vocpres and FRANK 
R. E_per, General Electric Co., Schenectady.—The amplification constant of vacuum 
tubes is usually calculated as a problem in pure electrostatics and by the nature of the 
construction of the tubes it involves only two dimensions. Solution of the problem is 
accomplished by the aid of conformal transformations of a very interesting character. 
Previous formulas have been derived on the assumption that the grid wires were small 
compared with their spacing and this put a serious limitation on their application. By 
a simple approximation this limitation is removed for wire diameters less than 1/3 the 
spacing. The following two formulas give results in good agreement with experimental 
data: (a) For plane electrodes: » =(2xns—log, cosh 2xnr)/log,coth 2xnr, where n is 
the number of grid wires per cm, r is their radius, and s is the distance between grid and 
plate. (b) For cylindrical electrodes: =[2 nrg log,(rp/rg) —logecosh 2nr]/log,coth 2xnr, 
where ry and r, are the grid and plate radii and m and r are as before. 


77. Methods of varying the sensitiveness of ballistic galvanometers by shunt 
resistance. Morton Masivus, Worcester Polytechnic Institute-—The methods to be 
employed in calculating the effect of shunt resistance on the throw of ballistic galvan- 
ometers depend on whether the galvanometer is originally on closed circuit, when the 
throw is due to an induced charge, or whether the galvanometer is originally on open 
circuit, when the throw is due to a condenser discharge. In the case of the closed circuit 
galvanometer the calculation is similar to the calculation used when the throws are 
reduced by series resistance, but more complicated. In this case series resistance offers a 
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simpler and better method of reducing the throws. For the case of the open circuit 
galvanometer, general equations are obtained giving the ratio of the original to the re- 
duced throw in terms of the ratio of the shunt resistance to the galvanometer resistance 
and a parameter which depends only on the properties of the galvanometer. The mean- 
ing and the method of determining this parameter are discussed. The general equations 
can not readily be solved to give explicitly the value of the resistance required to reduce 
a given throw in any desired proportion, but the values of such resistances can be readily 
obtained from interpolation tables that have been calculated. 


78. The theory of a combined series and potentiometer rheostat. Homer L. 
Dopce, University of Oklahoma.—A rheostat may be connected in series with the load, 
or it may be connected directly to the line and the load shunted across a variable part 
of it in potentiometer fashion. The series connection will not permit small currents; the 
potentiometer connection is not suitable for large currents. Of importance is a design 
which will permit, for a given applied voltage and dissipation, the largest current 
capacity and which will deliver to the load all values of current between zero and the 
maximum and all values of voltage between zero and the line voltage. Such a rheostat is 
possible if it can be shown that there is always a ‘“‘worst load,”’ that this load can be 
evaluated in terms of voltage and current, and that there is a corresponding “best” 
resistance for the rheostat. The worst load is found to be r= (2/3) (£/J), in which E is 
the line voltage and J the maximum current. The best resistance for the rheostat is 
R= (4/3) (E/1). The dissipation must be greater than J?R. 


79. Method for measurement of time intervals of from 9 x 10~* to 3 x 107"* second. 
Paut HeyMANs and NATHANIEL H. FRANK, Massachusetts Institute of Technology.— 
The authors use (as was first done by P. O. Pedersen) the Lichtenberg figures which 
accompany the reflection of an electric impulse at the terminal of a conductor placed in 
a gaseous atmosphere capable of radiating. In his method Pedersen determines by pre- 
liminary calibrations the velocity of propagation of such figures, and this varies with the 
distance from the electrode, the nature and density of the surrounding atmosphere, the 
nature of the photographic plate and other conditions, some of which are as yet unknown. 
The authors proceed by direct compensation of the shift of the meeting line of the two 
Lichtenberg figures from the half-way line, by lengthening, until complete compensation 
is obtained, the electrical path of the lead going to the electrode from which the emana- 
tion of the Lichtenberg figure is in advance of the other. Pedersen measured by his 
method intervals of time of from 110-7 to 5X 10~-* sec. Delicate calibration was neces- 
sary, and there was uncertainty as to whether the conditions of calibration remained 
unchanged. The authors have already succeeded in measuring, by their method, without 
preliminary calibration or uncertainty as to constancy of calibration conditions, intervals 
from 1X10~7 to 3107" sec. and anticipate a still further extension of their method in 
the near future. 


80. Instantaneous photography as a means of studying the development of an 
explosion. Joun E. Smitu, Franklin College.—Lead styphnate was exploded by an 
electric spark. Instantaneous silhouette photographs showing the development of the 
explosion were taken by the light from another spark in the same electrical circuit. The 
sound wave due to the first spark and others due to the explosion proper give a general 
time reference. Great numbers of small waves indicate many explosion centers. The 
method is applicable to other explosives. In order to measure the rate of explosion, the 
explosive was placed in a long cartridge having excess charges in small equally spaced 
side openings. These charges became centers of spherical sound waves. When the 
explosion reached the proper opening it closed the electrical circuit thus causing the 
spark which made the exposure. From the radii of the spherical waves and che distance 
between the openings the rate of explosion was determined. Rates for various charges 
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were found as follows: lead styphnate .11 X.15 X 10.0 cm, 369 m per sec.; loosely packed 
mercury fulminate .15 X.25 X 14.0 cm, 1205 m per sec.; well packed gunpowder .45 cm in 
diameter and 12 cm in length, 261 m per sec. 


81. The distribution of light in a searchlight beam. E. B. STEPHENSON, Engineer 
Department, U. S. Army, Fort Humphreys, Va.—The distribution of light across a 
search-light beam was measured with a portable photometer at approximately each 
thousand feet up to 6,000 feet and at 7 miles. The searchlight was a mobile unit having a 
91 cm diameter, 37.5 cm focal length, silver on glass, parabolic mirror and a full auto- 
matic lamp with 16 mm positive and 11 mm negative cored carbons carrying 150 amperes 
at 72 volts across the arc. The best focus was determined photometrically. The experi- 
ments were conducted at Mount Wilson near Pasadena, California, during July and 
August, 1924, when the atmospheric conditions were unusually good and constant. 
Variations of the intensity with current and voltage at certain distances were determined | 
and qualitative measurements taken on the change in color with distance. The absorp- 
tion coefficient decreases rapidly during the first 1,000 meters and then becomes practi- 
cally constant. The intensity varies directly as the current density over a limited range 
for a particular carbon. The intensity at 8 miles was approximately that of the full 
moon. 


82. Aerodynamical characteristics of airfoils at high speeds. L. J. Briccs, G. F. 
Hutt and H. L. Drypen, Bureau of Standards.—The purpose of these measurements 
was to provide aero-dynamical data for use in the design of aircraft propellers. The lift 
and drag coefficients and the position of the center of pressure at various angles of attack 
were determined for six airfoils at speeds ranging from 500 to 1000 feet per second. Meas- 
urements were carried out in a free air jet twelve inches in diameter issuing from a 
cylindrical orifice. The air stream was supplied by a large centrifugal compressor. The 
airfoils were about 18 inches long and were supported at their ends by a semi-circular 
fork forming part of a specially designed balance, the fork and balance being out of the 
wind stream. The measurements show that at high speeds (a) the lift coefficient de- 
creases rapidly as the speed is increased, (b) the drag coefficient increases, (c) the center 
of pressure moves back toward the trailing edge, and (d) the angle of zero lift first shifts 
to large negative angles and then moves rapidly toward 0°. The complete data will be 
found in Technical Report No. 207, National Advisory Committee for Aeronautics, 
Washington, 1924. 
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